Quantum Knots and Riemann Hypothesis 



Sze Kui Ng 

Department of Mathematics, Hong Kong Baptist University, Hong Kong 
szekuing@yahoo.com.hk 

Abstract 

In this paper we propose a quantum gauge system from which we construct generahzed Wilson 
loops which will be as quantum knots. From quantum knots we give a classification table of knots 
where knots are one-to-one assigned with an integer such that prime knots are bijectively assigned 
with prime numbers and the prime number 2 corresponds to the trefoil knot. 

Then by considering the quantum knots as periodic orbits of the quantum system and by the 
identity of knots with integers and an approach which is similar to the quantum chaos approach 
of Berry and Keating we derive a trace formula which may be called the von Mangoldt-Selberg- 
Gutzwiller trace formula. From this trace formula we then give a proof of the Riemann Hypothesis. 
For our proof of the Riemann Hypothesis we show that the Hilbert-Polya conjecture holds that there 
is a self-adjoint operator for the nontrivial zeros of the Riemann zeta function and this operator is 
the Virasoro energy operator with central charge c = i. Our approach for proving the Riemann 
Hypothesis can also be extended to prove the Extended Riemann Hypothesis. We also investigate 
the relation of our approach for proving the Riemann Hypothesis with the Random Matrix Theory 
for L-functions. 

Mathematics Subject Classification: 57M27, 11M26, 11N05, 11P32. 

1 Introduction 

It is well known that the Jones polynomial as a knot invariant can be derived from a quantum Chern- 
Simon gauge field theory |2] . Inspired by this work in this paper we shall also propose a quantum gauge 
model. In this quantum model we generalize the way of defining Wilson loops to construct generalized 
Wilson loops which will be as quantum knots. From quantum knots we give a classification table of knots 
where knots are one-to-one assigned with an integer such that prime knots are bijectively assigned with 
prime numbers and the prime number 2 corresponds to the trefoil knot. 

Then by considering the quantum knots as periodic orbits of the quantum model and by the identity of 
knots with integers and an approach which is similar to the quantum chaos approach of Berry and Keating 
we derive a trace formula which may be called the von Mangoldt-Selberg-Gutzwiller trace formula. From 
this trace formula we then give a proof of the Riemann Hypothesis |5]-|17). 

From the quantum gauge model we first define the classical Wilson loop and Wilson line. Then from 
the quantum gauge model we derive a definition for the generator of the Wilson line. 

Then we derive two quantum Knizhnik-Zamolodchikov (KZ) equations which are dual to each other 
for the product of quantum Wilson lines. This quantum KZ equation in dual form may be regarded 
as a quantum Yang-Mill equation as analogous to the classical Yang-Mill equation derived from the 
classical Yang-Mill theory since this quantum KZ equation is as the basic quantum equation derived from 
the quantum gauge model. Solutions of this quantum Yang-Mill equation are then used to construct 
generalized Wilson loops which are as quantum knots (These quantum knots may be regarded as solitons 
as similar to the instantons of the classical Yang-Mill equation). In deriving this quantum KZ equation 
we first derive a conformal field theory consisting of the Kac-Moody algebra and the Virasoro energy 
operator and Virasoro algebra. 

Then from the quantum knots we derive a knot invariant. From this knot invariant we give the 
classification table of knots. 
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Then the quantum knots as the periodic orbits of the quantum gauge system and the identity of prime 
knots with prime numbers are as the two basic ingredients for proving the Riemann Hypothesis. 

For our proof of the Riemann Hypothesis we show that the Hilbert-Polya conjecture holds that there 
is a self-adjoint operator for the nontrivial zeros of the Riemann zeta function and this operator is the 
Virasoro energy operator with central charge c = ^ CHl-EI- Our approach for proving the Riemann 
Hypothesis can also be extended to prove the Extended Riemann Hypothesis. We also investigate the 
relation of our approach for proving the Riemann Hypothesis with the Random Matrix Theory for L- 
functions plj-piT]. 

This paper is organized as follows. In section 2 we give a brief description of a quantum gauge 
model of electrodynamics and its nonabelian generalization. In this paper we shall consider a nonabelian 
generalization with a SU{2) gauge symmetry. With this quantum model in section 3 we introduce the 
definition of classical Wilson loop and Wilson line. 

In section 4 we derive the defintion of the generator of the Wilson line. From this definition in section 
4 and 5 we derive a conformal field theory which includes the Virasolo enegry operator and Virasolo 
algebra, the afRne Kac-Moody algebra and the quantum KZ equation in dual form. In section 6 we 
compute the solutions of the quantum KZ equation in dual form. In section 7 we compute the quantum 
Wilson lines. In section 8 we represent the braiding of two pieces of curves by defining the braiding of two 
quantum Wilson lines. By this representation in section 10 we define the generalized Wilson loop which 
will be as a quantum knot. In section 9 we compute the quantum Wilson loop. In section 10 we define 
generalized Wilson loops which will be shown to have properties of the corresponding knot diagram and 
will be regarded as quantum knots. In section 11 we give some examples of generalized Wilson loops 
and show that they have the properties of the corresponding knot diagram and thus may be regarded 
as quantum knots. In section 12 we show that this generalized Wilson loop is a complete copy of the 
corresponding knot diagram and thus we may call a generalized Wilson loop as a quantum knot. From 
quantum knots we have a knot invariant of the form TrR~"^W{z, z) where W{z, z) denotes a quantum 
Wilson loop and R is the braiding matrix and is the monodromy of the quantum KZ equation and m is 
an integer. We show that this knot invariant classifies knots and that knots can be one-to-one assigned 
with the integer m. In section 13 we give more computations of quantum knots and their knot invariant. 
Then in section 14 and 15 with the integer m we give a classification table of knots where we show that 
prime knots (and only prime knots) are assigned with prime integer m. 

Then in section 16 by using the classification table of knots and by considering the quantum knots 
as the periodic orbits of the quantum gauge model we then, by using the quantum chaos approach of 
Gutzwiller, Berry and Keating and the von Mangoldt-Selberg approach of proving the Riemann Hypoth- 
esis, derive the von Mangoldt-Selberg-Gutzwiller trace formula. From this trace formula we then prove 
the Riemann Hypothesis. We also generalize this approach to prove the Extended Riemann Hypothesis. 
In section 17 we determine that the central charge c for the Riemann zeta function and the Dirichlet 
i-functions is equal to ^. Then in section 18 by our approach for proving Riemann Hypothesis we give a 
commutative diagram relating Virasoro energy operator and Virasoro algebra, automorphic (or modular) 
forms and L-functions. In section 19 we show a connection of our approach with the Random Matrix 
Theory approach for L-functions by showing that this connection is from the conformal field theory. 

2 A Quantum Gauge Model 

We shall first establish a quantum gauge model. This quantum gauge model will be as a physical 
motivation for introducing operators which will be called Wilson loop and Wilsom line as analogous to 
the Wilson loops in the existing quantum field theories. Then the definition of classical Wilson loop and 
Wilson line and the definition of a generator J of the Wilson line will be as the basis of the mathematical 
foundation of this paper (In order to simplify the mathematics of this paper we treat this quantum gauge 
model as a physical motivation instead of as the mathematical foundation of this paper). 

We shall show that the generator J gives an affine Kac-Moody algebra and a Virasoro energy operator 
T with central charge c. From J and T we shall derive the quantum KZ equation in dual form which will 
be regarded as the quantum Yang-Mills equation. From this quantum KZ equation we then construct 
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generalized Wilson loops which will be as quantum knots. 

Let us construct a quantum gauge model, as follows. In probability theory we have the Wiener 
measure v which is a measure on the space C[to,ti] of continuous functions This measure is a well 
defined mathematical theory for the Brownian motion and it may be symbolically written in the following 
form: 

dv = e-^°dx (1) 

where Lq := ^ (im)^ '^^ energy integral of the Brownian particle and dx = jfYit'^^i^) 

symbolically a product of Lebesgue measures dx{t) and is a normalized constant. 

Once the Wiener measure is defined we may then define other measures on C[to,ti] as follows 00]. 
Let a potential term i J^^ Vdt be added to Lq. Then we have a measure vi on C[io,ii] defined by: 

-i r Vdt 

dvi = e ' -^'o dv (2) 

Under some condition on V we have that vi is well defined on C[to, t{\ . Let us call (jSJ as the Feymann-Kac 
formula [10] . 

Let us then follow this formula to construct a quantum model of electrodynamics, as follows. Then 
similar to the formula ^ we construct a quantum model of electrodynamics from the following energy 
integral: 

where the complex variable Z = Z{z{s)) and the real variables Ai = Ai{z{s)) and A2 — ^2(2(5)) 
are continuous functions in a form that they are in terms of an arbitrary (continuously differentiable) 
closed curve z(s) — C(s) = {x^{s),x'^{s)), sq < s < si,z(so) = z{si) in the complex plane where s is a 
parameter representing the proper time in relativity (We shall also write z(s) in the complex variable 
form C(s) = z{s) = x^{s) + ix'^{s),so < s < si). The complex variable Z = Z{z{s)) represents a field of 
matter( such as the electron) {Z* denotes its complex conjugate) and the real variables Ai — Ai{z{s)) 
and A2 = ^2(2(5)) represent a connection (or the gauge field of the photon) and e denotes the electric 
charge. 

The integral © has the following gauge symmetry: 

Z'{z{s)) := Z(z(s))e*'='^(^("» 
A'^{z{s)) ■.= A,{z{s)) + ^ J = 1,2 

where a = a{z) is a continuously differentiable real- valued function of z. 

We remark that this model is similar to the usual Yang-Mills gauge model. A feature of Q is that 
it is not formulated with the four-dimensional space-time but is formulated with the one dimensional 
proper time. This one dimensional nature let this model avoid the usual utraviolet divergence difficulty 
of quantum fields. 

Similar to the usual Yang-Mills gauge theory we can generalize this gauge model with U{1) gauge 
symmetry to nonabelian gauge models. As an illustration let us consider SU (2) gauge symmetry. Similar 
to (j3l we consider the following energy integral: 

L-^l f ' [lTr{DiA2 - D2Ai)*{D,A2 - D2A1) + {DlZ*){DiZ) + {DlZ*){D2Z)]ds (5) 

where Z — (zi,Z2)^ is a two dimensional complex vector; Aj = Yl\=i A^t^ [j = 1,2) where A'^ denotes 
a component of a gauge field A^\ denotes a generator of SU{2) (Here for simplicity we choose a 
convention that the complex i is absorbed by t'^); and Dj — g|j — gAj, {j = 1,2) where g denotes the 
charge of interaction (For simplicity let us set g = 1). 
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From Q we can develop a nonabelian gauge model as similar to that for the above abelian gauge 
model. We have that 101 is invariant under the following gauge transformation: 

Z'izis)) C/(a(z(,s)))Z(z(.)) 

A'^izis)) :^U{a{zis)))AM^))U-\aiz{s))) + Uiaiz{s)))%^{a{z{s)))J^l^ ^ > 

where U{a{z{s))) = e"'-^'-''''' and a{z{s)) = '^^.a'^iz{s))t''. We shall mainly consider the case that a 
is a function of the form a{z{s)) = Re w''(z(s))t'^ where lu'^ are analytic functions of z (We let 
uj{z{s)) := ^i^i^''{z{s))t'' and we write a{z) = Reuj{z)). 

The above gauge model is based on the Banach space X of continuous functions Z{z(s)), Aj{z(s)),j = 
li 2, So < s < si on the one dimensional interval [sq, si]. 

Since L is positive and the model is one dimensional (and thus is simpler than the usual two di- 
mensional Yang-Mills gauge model) wc have that this gauge model is similar to the Wiener measure 
except that this gauge model has a gauge symmetry. This gauge symmetry gives a degenerate degree 
of freedom. In the physics literature the usual way to treat the degenerate degree of freedom of gauge 
symmetry is to introduce a gauge fixing condition to eliminate the degenerate degree of freedom where 
each gauge fixing will give equivalent physical results 'IP. There are various gauge fixing conditions 
such as the Lorentz gauge condition, the Feynman gauge condition, etc. We shall later in sectional (on 
the Kac-Moody algebra) adopt a gauge fixing condition for the above gauge model. This gauge fixing 
condition will also be used to derive the quantum KZ equation in dual form which will be regarded as 
a quantum Yang-Mill equation since its role will be similar to the classical Yang-Mill equation derived 
from the classical Yang-Mill gauge model. 

Since L is positive we have that without gauge fixing condition the above gauge model is a positive 
linear functional on the Banach space C{X) of continuous functions on X and is multivalued in the sense 
that each gauge fixing gives a value. 

Remark. In this paper the main aim of introducing this quantum gauge model is to derive the 
quantum KZ equation in dual form which will be regarded as a quantum Yang- Mills equation. From this 
quantum KZ equation in dual form wc then construct quantum knots. From quantum knots we then 
prove the Riemann Hypothesis. 



3 Classical Wilson Loop 

Similar to the Wilson loop in quantum field theory |5| from our quantum model we introduce an analogue 
of Wilson loop, as follows. 

Definition. A classical Wilson loop W]i{C) is defined by : 

Wr{C) ~ W{z„, zi) := Pefc ^^"^^ (7) 

where R denotes a representation of SU{2); C(-) = z(-) is a fixed curve where the quantum gauge models 
are based on it as specified in the above section. As usual the notation P in the definition of VFr(C) 
denotes a path-ordered product |2] 02| ■ 

Let us give some remarks on the above definition of Wilson loop, as follows. 

1) We use the notation W{zq, zi) to mean the Wilson loop W]i{C) which is based on the whole closed 
curve z{-). Here for convenience we use only the end points zq and zi of the curve z(-) to denote this 
Wilson loop (We keep in mind that the definition of W{zq, zi) depends on the whole curve z(-) connecting 
zq and zi). 

Then we extend the definition of Wr{C) to the case that z(-) is not a closed curve with zq ^ z\. 
When z(-) is not a closed curve wc shall call M^(zo, z\) as a Wilson line. 

2) In constructing the Wilson loop we need to choose a representation R of the SU{2) group. We 
shall see that because a Wilson line M^(zo, zi) is with two variables zq and zi a natural representation of 
a Wilson line or a Wilson loop is the tensor product of the usual two dimensional representation of the 
SU{2) for constructing the Wilson loop, o 

We first have the following theorem on W{zq, zi): 
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Theorem 1 For a given continuous path Ai,i — 1,2 on [so,si] the Wilson line W{zo,zi) exists on this 
path and has the following transition property: 



W{zo,zi) = W{zo,z)W{z,zi) (8) 

where W{zo,zi) denotes the Wilson line of a curve z(-) which is with zq as the starting point and z\ as 
the ending point and z is a point on z{-) between zq and z\. 

Proof. We have that VF(zo,zi) is a hmit (whenever exists) of ordered product of e"*'^^' and thus 
can be written in the foUowing form: 

+ /;"[/" A,(z(.i))^dsi]A,(z(.2))^ds2 + • • • 

where z(s') = zq and z{s"^ = z\. Then since Ai are continuous on [s',s"] and a;*(z(-)) are continuously 
differentiable on [s',s"] we have that the series in is absolutely convergent. Thus the Wilson line 
W{zq, zi) exists. Then since W{zo, zi) is the limit of ordered product we can write W{zo, zi) in the form 
W{zo, z)W{z, zi) by dividing z(-) into two parts at z. This proves the theorem, o 

Remark (Classical version and quantum version of Wilson loop). This thcorm means that 
the Wilson line W(zq, zi) exists in the classical pathwise sense where Ai are as classical paths on [sq, si]. 
This pathwise version of the Wilson line W{zo, zi); from the Feymann path integral point of view; is as 
a partial description of the quantum version of the Wilson line W{za, zi) which is as an operator when 
Ai are as operators. Wc shall in the next section derive and define a quantum generator J of W{zq, zi) 
from the quantum gauge model. Then by using this generator J we shall compute the quantum version 
of the Wilson hue W{zo,zi). 

We shall denote both the classical version and quantum version of Wilson line by the same notation 
W{zo, zi) when there is no confusion, o 

Remark. We remark again that in order to simplify the mathematics of this paper we treat the 
above quantum gauge model as a physical motivation instead of as the mathematical foundation of this 
paper. The mathematical foundation of this paper will base on the definition of the Wilson line W{zq, zi) 
and the generator J instead of the above quantum gauge model which is as a physical motivation for 
introducing the Wilson line W{zo, zi) and the generator J. o 

By following the usual approach from a gauge transformation we have the following symmetry on 
Wilson lines (This symmetry is sometimes called the chiral symmetry) |ci9| : 

Theorem 2 Under an analytic gauge transformation with an analytic function to we have the following 
symmetry: 

W{zo, zi) ^ W'{zo, zi) = U{lu{zi))W{zo, zi)U'\lu{zo)) (10) 
where W'{zn, zi) is a Wilson line with gauge field A'^ = ^^^U^^{z) + U{z)Afj,U~^{z). 

Proof. Let us prove this symmetry as follows. Let U{z) :— U{llj{z{s))) and U{z + dz) « U{z) + 
^^^dx'^ where dz = {dx^,dx^). Following [23 we have 

U{z + dz){l + dxt^Af^p-^z) 
= U{z + dz)U-\z) + dxt'Uiz + dz)Ai,U~^{s) 
- l + ^U-\z)dx^ + dx^U{z + dz)A^U-\s) 

~ l + ^U-\z)dx^^ + dx^^U{z)A^U-\z) ^^^> 
=■■ l + ^U-\z)dx^' + dx^'U{z)A,,U-\z) 
=: 1 + dx'^A' 

From we have that (|10() holds since H10() is the limit of ordered product in which the left-side factor 
U{zi + dzi) in ltTT|l with z^ = z is canceled by the right-side factor J7~^(zi+i) of l|TT]l where Zi+i = Zi + dzi 
with Zi+i = z. This proves the theorem, o 
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As analogous to the WZW model in conformal field theory dl from the above symmetry we have 
the following formulas for the variations S^jW and 5^iW with respect to this symmetry ( JH] P-621): 

5^W{z,z') = W{z,z'Mz) (12) 

and 

6^W{z, z') = -uj\z')W{z, z') (13) 

where z and z' are independent variables and uj'{z') = uj{z) when z' = z. In H12|) the variation is with 
respect to the z variable while in the variation is with respect to the z' variable. This two-side- 
variations when z ^ z' can be derived as follows. For the left variation we may let u be analytic in a 
neighborhood of z and continuously differentiably extended to a neighborhood of z' such that lo{z') — 
in this neighborhood of z' . Then from 11U|I we have that H12|l holds. Similarly wc may let lo' be analytic in 
a neighborhood of z' and continuously differentiably extended to a neighborhood of z such that ijj'{z) = 
in this neighborhood of z. Then we have that H13|l holds. 



4 A Gauge Fixing Condition and AfRne Kac-Moody Algebra 

This section has two related purposes. One purpose is to find a gauge fixing condition for eliminating the 
degenerate degree of freedom from the gauge invariance of the above quantum gauge model in section 2. 
Then another purpose is to find an equation for defining a generator J of the Wilson line W{z, z'). This 
defining equation of J can then be used as a gauge fixing condition. Thus with this defining equation of J 
the construction of the quantum gauge model in section 2 is then completed (We remark that we shall let 
the definition of the Wilson line and the definition of the generator J as the mathematical foundation of 
this paper while the quantum gauge model is as a physical motivation for deriving these two definitions). 

We shall derive a quantum loop algebra (or the affine Kac-Moody algebra) structure from the Wilson 
line W{z,z') for the generator J of W{z,z'). To this end let us first consider the classical case. Since 
W{z, z') is constructed from SU{2) we have that the mapping z W{z, z') (We consider W{z, z') as 
a function of z with z' being fixed) has a loop group structure 03)03]. For a loop group we have the 
following generators: 

J^-^^^z" n = 0,±l,±2,... (14) 
These generators satisfy the following algebra: 

[Jrm Jn\ ~ ifabcJrn+n (1^) 

This is the so called loop algebra 031 01] ■ Let us then introduce the following generating function J: 

J(u;)=^J'^(u;)=^r(«^)i'^ (16) 

a a 

where we define 

oo 

r{w)^f{wr:^ J2 .K{z){w^z)—^ (17) 

n— — CXD 

Jn = ^^f^dw{w~zrriw) (18) 

where denotes a closed contour integral with center z. This formula can be interpreted as that J is the 
generator of the loop group and that J° is the directional generator in the direction oj"-{w) — {w — z)". 
We may generalize ()18|l to the following directional generator: 

(p dwuj{w)J{w) (19) 

27ri 



From J we have 
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where the analytic function uj{w) — '}2a^°'i'^)^°' regarded as a direction and we define 

u}{w)J{w) ■.^^uj''{w)r (20) 

a 

Then since W{z, z') e SU{2), from the variational formula 1)19(1 for the loop algebra of the loop group 
of SU{2) we have that the variation of W{z, z') in the direction uj{w) is given by 

W{z,z')^.j^dwLo{w)J{w) (21) 

Now let us consider the quantum case which is based on the quantum gauge model in section 2. For 
this quantum case we shall define a quantum generator J which is analogous to the J in 1(16(1 . We shall 
choose the equations ((31(1 and ((32(1 as the equations for defining the quantum generator J. Let us first 
give a formal derivation of the equation ((31(1 . as follows. Let us consider the following formal functional 
integration: 

{W{z,z')A{z)) -.^ dAidA2dZ*dZe-^W{z,z')A{z) (22) 



where A{z) denotes a field from the quantum gauge model (We first let z' be fixed as a parameter). 

Let us do a calculus of variation on this integral to derive a variational equation by applying a gauge 
transformation on 122(1 as follows (We remark that such variational equations are usually called the Ward 
identity in the physics literature). 

Let {Ai,A2, Z) be regarded as a coordinate system of the integral if^ . Under a gauge transformation 
(regarded as a change of coordinate) with gauge function a{z{s)) this coordinate is changed to another 
coordinate denoted by {A[, A'2, Z'). As similar to the usual change of variable for integration we have 
that the integral 1(22(1 is unchanged under a change of variable and we have the following equality: 



/ dA[dA'2dZ'*dZ'e-^'W'{z, z')A'{z) 
= ^ dAT,dA2dZ*dZe-^W{z,z')A{z) 



(23) 



where W'{z, z') denotes the Wilson line based on A'^ and A^ and similarly A'{z) denotes the field obtained 
from A{z) with {Ai,A2, Z) replaced by {A'^,A'2, Z'). 

Then it can be shown that the differential is unchanged under a gauge transformation [41| : 

dA'^dA'^dZ'*dZ' = dAidA2dZ*dZ (24) 

Also by the gauge invariance property the factor is unchanged under a gauge transformation. Thus 
from ((23(1 we have 

= {W'{z, z')A'{z)) - {W{z, z')A{z)) (25) 
where the correlation notation (•) denotes the integral with respect to the differential 

e~^dAidA2dZ*dZ (26) 

We can now carry out the calculus of variation. From the gauge transformation we have the formula 
W'{z,z') — U{a{z))W{z, z')U^^{a{z')) where a{z) — Reijj(z). This gauge transformation gives a varia- 
tion of W{z, z') with the gauge function a(z) as the variational direction a in the variational formulas 
(fl^ and if^ . Thus analogous to the variational formula lPT]l we have that the variation of W{z,z') 
under this gauge transformation is given by 

Wiz,z')^ (f dwa{w)J{w) (27) 
27ri 

where the generator J for this variation is to be specified. This J will be a quantum generator which 
generalizes the classical generator J in ((21(1 . 
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Thus under a gauge transformation with gauge function a{z) from H25|) we have the foUowing varia- 
tional equation: 

= {W{z, z')[SaA{z) + ^ l dwa{w)J{w)A{z)]) (28) 

where SaA{z) denotes the variation of the field A(z) in the direction a{z). From this equation an ansatz 
of J is that J satisfies the following equation: 

W{z, z)[5aA{z) + (p dwa{w)J{w)A{z)] = (29) 

From this equation we have the following variational equation: 

6aA{z) = — (f dwa{w)J{w)A{z) (30) 

This completes the formal calculus of variation. Now (with the above derivation as a guide) we choose 
the following equation H31|l as one of the equation for defining the generator J: 

S^A{z) = — I dwLo{w)J{w)A{z) (31) 
2m 

where we generalize the direction a{z) = Ileuj{z) to the analytic direction lo{z) (This generalization has 
the effect of extending the real measure to include the complex Feymann path integral). 

Let us now choose one more equation for determine the generator J in 1)3 This choice will be as 
a gauge fixing condition. As analogous to the WZW model in conformal field theory miCH BH] let us 
consider a J given by 

J{z) := -~kW-'^{z, z')d,W{z, z') (32) 

where we define = d^^ + id^^ and we set z' — z after the differentiation with respect to z; > is a 
constant which is fixed when the J is determined to be of the form (|32|l and the minus sign is chosen by 
convention. In the WZW model ^HI BH] the J of the form l|32|l is the generator of the chiral symmetry 
of the WZW model. We can write the J in 1)321) in the following form: 

J(u;)=^J''(H=E^"Hi'^ (33) 

a a 

We see that the generators t"" of SU{2) appear in this form of J and this form is analogous to the classical 
J in HIGH . This shows that this J is a possible candidate for the generator J in 1)31(1 . 

Since W{z, z') is constructed by gauge field we need to have a gauge fixing for the computations 
related to W{z,z'). Then since the J in lp?T]l and Ip!^ is constructed from W{z,z') we have that in 
defining this J as the generator J of W{z, z') we have chosen a condition for the gauge fixing. In this 
paper we shall always choose this defining equations (|ST|l and for J as the gauge fixing condition. 

In summary we introduce the following definition. 

Definition. The generator J of the quantum Wilson line W{z, z') whose classical version is defined 
by 0, is an operator defined by the two conditions (pTT|l and Ip^ . o 

Remark. We remark that the condition ()32)l first defines J classically. Then the condition 1)31)1 raises 
this classical J to the quantum generator J. o 

Now we want to show that this generator J in 1)31)) and ()32l) can be uniquely solved (This means that 
the gauge fixing condition has already fixed the gauge that the degenerate degree of freedom of gauge 
invariance has been eliminated so that we can carry out computation). Before solving J we give the 
following remark. 

Remark. We remark again that in the above of this paper we have introduced a quantum gauge model 
as a physical motivation for introducing the Wilson loop and Wilson line defined by ^ and the generator 
J defined by the two conditions 1)31)) and 1)32)1 . In the following of this paper all the mathematics will be 
based on these two definitions. Thus we let these two definitions be as the mathematical foundation of 
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this paper and treat the quantum gauge model as a physical motivation for deriving these two definitions, 
o 

Let us now solve J. From and (|32|l we have that the variation 5^, J of the generator J in (|32|l is 
given by [IH|(p.622) gS]: 

6^J ^[J,Lo]-kd,Lo (34) 
From H31I) and H34|l we have that J satisfies the following relation of current algebra JSj • 

r{w)j\z) = (35) 

[w — zy ^ [w ~ z) 

where as a convention the regular term of the product J°-(w)J^ (z) is omitted. Then by following 
from H35|l and H33(l we can show that the J° in H16|l for the corresponding Laurent series 
of the quantum generator J satisfy the following Kac-Moody algebra: 

{Jm-, "^n] = ifabcJrn+n + kmSab^in+ruQ (36) 

where k is usually called the central extension or the level of the Kac-Moody algebra. 

Remark. Let us also consider the other side of the chiral symmetry. Similar to the J in (|32|l we 
define a generator J' by: 

J'{z') = kd^W{z, z')W-^(z, z') (37) 

where after differentiation with respect to z' we set z — z' . Let us then consider the following formal 
correlation: 

{A{z')W{z,z')) := j dAidA2dZ*dZA{z')W{z,z')e-^ (38) 

where z is fixed. By an approach similar to the above derivation of (|31|l we have the following variational 
equation: 

S^>A(z') ^-^ i dwA(z')J'(w)uj'(w) (39) 

2711 J^, 

where as a gauge fixing we choose the J' in H39|l be the J' in (|37(l . Then similar to H34(l we also have 

S^,J' = [J',uj']-kd,,uj' (40) 

Then from H39|l and (|40l) we can derive the current algebra and the Kac-Moody algebra for J' which are 
of the same form of (|35() and H36() . From this we have J' = J. o 

5 Quantum Knizhnik-Zamolodchikov Equation In Dual Form 

With the above current algebra J and the formula (|31|l we can now follow the usual approach in conformal 
field theory to derive a quantum Knizhnik-Zamolodchikov (KZ) equation for the product of primary fields 
in a conformal field theory JS| d] jSH] • We shall derive the KZ equation for the product of n Wilson lines 
W{z, z'). Here an important point is that from the two sides of W{z, z') we can derive two quantum KZ 
equations which are dual to each other. These two quantum KZ equations are different from the usual 
KZ equation in that they are equations for the quantum operators W{z, z') while the usual KZ equation 
is for the correlations of quantum operators. 

With this difference the following derivation of KZ equation for deriving these two quantum KZ 
equations is well known in conformal field theory |18||19|. The reader may skip this derivation of KZ 
equation and just look at the form of the Virasoro energy operator T(z) and the Virasoro algebra and 
the form of these two quantum KZ equations. 

Let us first consider H12|) . From (|31() and 112() we have 

J'^(z)W{u,M)-^^^^^^^ (41) 
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where as a convention the regular term of the product J'^{z)W{w,w') is omitted. 

Following JH| and ^H] let us define an energy operator (also called an energy-momentum tensor) T{z) 

by 

T(.):=^E^^"W^"W^ (42) 

^ 'a 

where g is the dual Coxter number of SU{2) jJSI- In l|42|l the symbol : J°'{z)J°'{z) : denotes the normal 
ordering of the operator J"(z) J°(z) which can be defined as follows ^HICH]- Let a product of operators 
A{z)B{w) be written in the following Laurent series form: 

oo 

A{z)B{w)^ a^{w){z~wr (43) 

n— — no 



The singular part of H43|l is called the contraction of A{z)B{w) and will be denoted by A{z)B{w). Then 
the term ao(w) is called the normal ordering of A{z)B{w) and we denote ao(z«) by : A{w)B{w) :. 

The above definition of the energy operator T{z) is called the Sugawara construction We first 
have the following well known theorem on T{z) in conformal field theory |18j : 

Theorem 3 The operator product T{z)T{w) is given by the following formula: 

T{z)T{w) = ' + + ^» (441 

^ ' 2{z - ,«)4 + (z - w)^ ^ (z-w) ^ ' 

for some constant c — (g — 2 for the group SU{2)) and as a convention we omit the regular term of 
this product. 

Proof. In ^S] there is a detail proof of this theorem. Here we want to remark that the formula H35|l for 
the product J°'{z)j''(x) is used for the proof of this theorem, o 

From this theorem we then have the following Virasoro algebra of the mode expansion of T{z) 

Theorem 4 Let us write T(z) in the following Laurent series form: 

oo 

T(z)= iz-w)-^-'L,,{w) (45) 



n— — OO 



This means that the modes Ln{w) are defined by 



Ln{w) .^^.i dz{z - wr+'T{z) (46) 

ZTTl 



Then we have that L„ form a Virasoro algebra: 



[Ln,L„,] = (n - m)Ln+„i + Y^"-("^ ^ '^)&n+mfi (47) 



From the formula (|35|l for the product J'^{z)J^{w) we have the following operator product expansion 
US: 

.^iW) ^ dJ'^iW) 
{z — ui)^ (z — w) 



T{z)r{w) = + -j:-^ (48) 



Then we have the fohowing operator product of T{z) with an operator A('w): 

oo 

T{z)A{w) = X! ~ wy''-^L„A{w) (49) 
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From (gSJ and iB^ we have that L-iJ°-{w) — dJ'^{w) and L_i = Thus we have 

L_iW(u;,z^') = (50) 

On the other hand as shown in |18| by using the Laurent series expansion of J°(z) in the section on 
Kac-Moody algebra we can compute the normal ordering : J°'{z)J°'{z) : from which we have the Laurent 
series expansion of T{z) with L_i given by jl8| : 

-^-1 = 2ffc+ql JnrJ-l-rn + J2 -^-1-™^™] (51) 

^ ^' a m<-l m>0 

where since and J°]^_„ commute each other the ordering of them is irrelevant. 
From H51|) we then have 

L.iWiw,w') 

= (feT^^-i(^)^o(^)W^(«^,«^') 

since J^W{w, w') = for m > 0. 

It follows from H5()|l and (|52|l that we have the following equality: 

d^Wiw,w') = j^^r^iw)JSiw)W{w,w') (53) 

Then form (|41|l we have 

JS{w)W(w, w') = -f'Wiw, w') (54) 

From (|53|l and H54f) we then have 

d,W{z, 2') = -ZLr (^z)t''w{z, z') (55) 
fc + 5 

Now let us consider a product of n Wilson lines: W{zi,z[) ■ ■ ■ W{zn, z'^-^). Let this product be 
represented as a tensor product when Zj and z'^, i,j = 1, ...,n are all independent variables. Then from 
we have 

d,^W{zi,z[)---Wiz,,zl)---W{Zn,z'J 

= ^Wiz,,z[)---.r,{z,rw{z,,zi)---Wizn,z'J (56) 
= ^Jl,iz,)t-W{z,,z[) ■ ■ ■ W{z,, z[)--- W{zr.,z'^) 

where the second equality is from the definition of tensor product for which we define 

eW{zi,z[) ■ ■ ■ W{z,,z[) ■ ■ ■ W(z^, z'J := H^(zi, zj) • • • riy(z„ z^)] ■ ■ ■ W{z^, z'J (57) 

With this formula l|56|l we can now follow ^H] and to derive the KZ equation. For a easy reference 
let us present this derivation in JH| and ^Hl as follows. From the Laurent series of J" we have 

J-M) = i^i -^r{z) (58) 

where the line integral is on a contour encircling zi . We also let this contour encircles all other Zj so that 
the effects from Wilson lines W{zj, z'j) for j = 1, ...,n will all be counted. Then we have 

J-,{z,)W{zi,z[)---Wiz„,z'^) 
= ^^kT^J''i^)W{zl,z[)■■■W{z,„z'J (59) 
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where the second equahty is from the JW product formula H41I) . Then by a deformation of the contour 
integral in (|59|l into a sum of n contour integrals such that each contour integral encircles one and only 



one Zj we have: 



e;=i 2^ 4 1^ ELi w{^i, 4) • • • [j^w{z,,z',)] ■ ■ ■ w{z^, z;) 

= j;^W{z,,z[) ■ ■ ■ [-t-W{z,,z'^)\ ■ ■ ■ W{z^, z'^) (60) 

= T.U,,^.l^W{zuz[)---W{z^,z-) 

where for the second equality we have used the definition of tensor product. From (|6U|I and by applying 
(|56|l to Zi for i = 1, n we have the following Knizhnik-Zamolodchikov equation JS] |19 | |45 | : 

— 1 " K) t° 

d.^W{zr,z[) ■ ■ ■ W{z^,z'^) ^T—J2 ' W{z,,z[) ■ ■ ■ W^(z„, z'J (61) 

f£ -\- g Zi Zj 

for i = 1, n. We remark that in (|61() we have defined tf :— and 

tf®t-W{z,,z[)---W{z„,z'J 

W{zi,z[) ■ ■ ■ [t^Wiz^z',)] ■ ■ ■ [riy(z,, z;.)] • • • Wizn, z'J 

It is interesting and important that we also have another KZ equation with respect to the z^' variables. 
The derivation of this KZ equation is dual to the above derivation in that the operator products and 
their corresponding variables are with reverse order to that in the above derivation. 

From 1)13(1 and H39|l we have a WJ' operator product given by 

W/(z.,^OJ-(^')- "^^r"?'° (63) 
w — z' 

where we have omitted the regular term of the product. Then similar to the above derivation of the KZ 
equation from (|63|l we can then derive the following Knizhnik-Zamolodchikov equation which is dual to 

d,>W{zi,z[) ■ ■ ■ W{z^,z'^) - — ^ V W{z^,z[) ■ ■ ■ W{z^, z'S^4^^ (64) 

^ + 5^ 

for i — 1, n where we have defined: 



W{zi,z'^)---W{Zn,z'^)tf®t''^ 

W(z^,z'^) ■ ■ ■ [W{z,, zi)t-] ■ ■ ■ [Wizj,z'^)t-] ■ ■ ■ W{z^, z'^) 



(65) 



Remark. From the generator J and the Kac-Moody algebra we have derived a quantum KZ equation 
in dual form. This quantum KZ equation in dual form may be considered as a quantum Yang-Mills 
equation since it is analogous to the classical Yang-Mills equation which is derived from the classical 
Yang-Mills gauge model. This quantum KZ equation in dual form will be as the starting point for the 
construction of quantum knots, o 

6 Solving Quantum KZ Equation In Dual Form 

Let us consider the following product of two quantum Wilson lines: 

G(zi, Z2, Z3, Z4) := VK(zi, Z2)VF(z3, Z4) (66) 

where the two quantum Wilson lines W(z\^Z2) and Wiz^iZ/C) represent two pieces of curves starting at 
z\ and Z3 and ending at 22 and Z4 respectively. 
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We have that this product G satisfies the KZ equation for the variables zi, 2:3 and satisfies the dual 
KZ equation for the variables Z2 and Z4. Then by solving the two-variables-KZ equation in (|61|l we have 
that a form of G is given by 

e-tiog[±(z^-zs)]fj^ (67) 

where t :— -^^^ t"' eg) and Ci denotes a constant matrix which is independent of the variable zi — Z3. 

We see that G is a multivalued analytic function where the determination of the ± sign depended on 
the choice of the branch. 

Similarly by solving the dual two-variable-KZ equation in l|t)4|) we have that G is of the form 

where C2 denotes a constant matrix which is independent of the variable Z4 — Z2. 

From linZJ), ^ and we let Ci = ^e*'°s[±(2^4-^2)]^ C2 = e"*i°s[±(zi-^3)]^ ^^ere A is a constant matrix 
we have that G is given by 

G(zi, Z2, za, Z4) e-*i°g[±(^i-^3)]^gtiog[±(2:4-^2)] (69) 

where at the singular case that zi = Z3 we simply define log[±(zi — Z3)] = 0. Similarly for Z2 = Z4. 

Let us find a form of the initial operator A. We notice that there are two operators $±(zi — Z2) := 
g-tiog[±(zi-z3)] g^j-^^ \l/±(z^ — Zj) acting on the two sides of A respectively where the two independent 
variables zi, Z3 of <i>± are mixedly from the two quantum Wilson lines W{zi, Z2) and W^z^, Z4) respectively 
and the the two independent variables Z2,Z4 of ^± are mixedly from the two quantum Wilson lines 
W{zi, Z2) and VF(z3, Z4) respectively. From this we determine the form of A as follows. 

Let D denote a representation of SU{2). Let D{g) represent an element g of SU{2) and let D[g)®D{g) 
denote the tensor product representation of SU{2). Then in the KZ equation we define 

® [D{g,) D{g,)] ® [D{g2) ® D{g2)] := ^Digi) ® 7^((?i)] ^ i^(g2) ® ^(32)] (70) 

and 

[^(51) ® ^(51)] ® [^(52) i?(52)] r ® t-] ■■= [D{9i) ® i?(5i)i"] ® [^5(32) ® i^(g2)i''] (71) 

Then we let [/(a) denote the universal enveloping algebra where a denotes an algebra which is formed 
by the Lie algebra su{2) and the identity matrix. 

Now let the initial operator A be of the form Ai® A2® A^® A4 with Ai,i — 1, ...,4: taking values in 
[/(a). In this case we have that in (|69() the operator <I'±(zi — Z2) := e^*'°^[^'^^i^^^'l acts on A from the 
left via the following formula: 

r r A = [rAi] A2 ® [r A3] A4 (72) 

Similarly the operator 5'±(zi — Z2) :— e*'°s[='=(^i~^=')l in (|69(l acts on A from the right via the following 
formula: 

At" r = Ai (g) [712^] (g) A3 [yl4r] (73) 

We may generalize the above tensor product of two quantum Wilson lines as follows. Let us consider 
a tensor product of n quantum Wilson lines: W{zi,z'i) ■ ■ ■ W^(z„,z^) where the variables z^, z^' are all 
independent. By solving the two KZ equations we have that this tensor product is given by: 

W^(zi, zi) • • • M^(z„, z'J = n - 2j)^n *±(^^' - 4) (74) 

ij ij 

where denotes a product of $±(zi — Zj) or 4'±(z- — z^) for i,j — 1, where i ^ j- In f7^ the 
initial operator A is represented as a tensor product of operators Aijii ji , f = l,...,n where each 

Aiji'ji is of the form of the initial operator A in the above tensor product of two- Wilson-lines case and is 
acted by $±(zi — Zj) or ^'±(z^ — z^) on its two sides respectively. 
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7 Computation of Quantum Wilson Lines 



Let us consider the following product of two quantum Wilson lines: 

Gizi,Z2, zg, Z4) := W{zi,Z2)W{z3,Z4) (75) 

where the two quantum Wilson lines W{zi,Z2) and 14^(23,24) represent two pieces of curves starting at 
zi and Z3 and ending at Z2 and Z4 respectively. As shown in the above section we have that G is given 
by the following formula: 

G(zi,Z2,Z3,Z4) =e-"°s[±(^i-"^)Ue*'°s[±(^''-^^)l (76) 

where the product is a 4-tensor. 

Let us set Z2 — z^. Then the 4-tensor W{zi, Z2)W{z3, Z4) is reduced to the 2-tensor W{zi, Z2)W{z2, Z4). 
By using (|7()|l the 2-tcnsor W{zi, Z2)W{z2, Z4) is given by: 

W{ZI,Z2)W{Z2,Z4) = e^t^og[±{z,~z,)]^^^^tlog[±(z,~Z2)] ^77) 

where A14 = Ai ^ A4 is a 2-tensor reduced from the 4-tensor A = Ai (^5 A2 ® A3 A4 in (|75|l . In this 
reduction the t operator of $ = g-tiog[±(zi-22)] acting on the left side of Ai and ^3 in A is reduced to 
acting on the left side of Ai and A4 in A14. Similarly the t operator of ^' = e~t^°glM^4-z2)] acting on the 
right side of A2 and A4 in A is reduced to acting on the right side of Ai and A4 in A14. 

Then since t is a 2-tensor operator we have that < is as a matrix acting on the two sides of the 2-tensor 
Ai4 which is also as a matrix with the same dimension as t. Thus $ and ^' are as matrices of the same 
dimension as the matrix A14 acting on A14 by the usual matrix operation. Then since t is a Casimir 
operator for the 2-tensor group representation of SU (2) we have that <I> and ^ commute with A14 since 
$ and 4" are exponentials of t (We remark that $ and 4* are in general not commute with the 4-tensor 
initial operator A). Thus we have 

g-tlog[±(zi-Z2)]^^_^gtlog[±(z4-Z2)] _ g-tlog[±(zi-Z2)]gtlog[±(z4-Z2)]^^^ ^^S) 

We let W{zi, Z2)W{z2, Z4) be as a representation of the quantum Wilson line W{zi, Z4) and we write 
W{zi, Z4) = W{zi, Z2)W{z2, Z4). Then we have the following representation of W{zi, Z4): 

Wizi,Z4) = W^(zi,wi)VF(u)i,Z4) = e-"°s[±(^i-"'i)le*i°s[±(^''-"'i)Ui4 (79) 

This representation of the quantum Wilson line W{zi, Z4) means that the line (or path) with end points 
zi and Z4 is specified that it passes the intermediate point wi — Z2. This representation shows the 
quantum nature that the path is not specified at other intermediate points except the intermediate point 
wi = Z2- This unspecification of the path is of the same quantum nature of the Feymann path description 
of quantum mechanics. 

Then let us consider another representation of the quantum Wilson line W{zi,Z4). We consider 
W{zi,wi)W{'Wi,W2)W{'W2, Z4) which is obtained from the tensor W{zi,wi)W{ui,W2)W{u2, Z4) by two 
reductions where Zj, Wj, Uj, j = 1,2 are independent variables. For this representation we have: 

W{zi,wi)W{wuW2)W{w2,Z4) = e-*i°g[±(^i-»i)le-*'°g[±(^i-"'^)le"°s[±(^''-"'i)le*'°s[±(^''-"'^)Ui4 (80) 

This representation of the quantum Wilson line W{zi, Z4) means that the line (or path) with end points 
zi and Z4 is specified that it passes the intermediate points wi and ^2- This representation shows 
the quantum nature that the path is not specified at other intermediate points except the intermediate 
points wi and W2 ■ This unspecification of the path is of the same quantum nature of the Feymann path 
description of quantum mechanics. 

Similarly we may represent the quantum Wilson line W{zi, Z4) by path with end points zi and Z4 and is 
specified only to pass at finitely many intermediate points. Then we let the quantum Wilson line W{zi, Z4) 
as an equivalent class of all these representations. Thus we may write W{zi, Z4) — W{zi, 'Wi)W{wi^ Z4) = 

W{zi,Wi)W{wi,W2)W{w2,Z4) = ■ ■ ■. 

Remark. Since A14 is a 2-tensor we have that a natural group representation for the Wilson line 
W{zi, 24) is the 2-tensor group representation of the group SU{2). 
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8 Representing Braiding of Curves by Quantum Wilson Lines 

Consider again the product G{zi, Z2, Z3, Z4) = W{zi, Z2)W{z3, Z4). We have that G is a multivalued 
analytic function where the determination of the ± sign depended on the choice of the branch. 

Let the two pieces of curves be crossing at w. Then we have W{zi,Z2) = W {zi , w)W (w , Z2) and 
W{z3, Zi) = W{z3,w)W{w, Z4). Thus we have 

W(ZUZ2)W{Z3,Z4) = W{ZI,W)W{W, Z2)W{Z3,W)W{W, Z4) (81) 

If we interchange zi and Z3, then from H81|l we have the following ordering: 

W{z3,w)W{w, Z2)W{zi,w)W{w, Z4) (82) 

Now let us choose a branch. Suppose that these two curves are cut from a knot and that following 
the orientation of a knot the curve represented by W{zi, Z2) is before the curve represented by W{z3^ Z4). 
Then we fix a branch such that the product in 1)76(1 is with two positive signs : 

Wizi,Z2)W{z3,Zi) = e-tiog(^i~^3)^gtiog(z4-z2) (83) 
Then if we interchange zi and Z3 we have 

W{z3,w)W{w, Z2)Wizi,w)W{w, Zi) = e-*'°s[-(^i-^3)]^gtiog(z4-z2) (§4) 

From (|83|l and H84() as a choice of branch we have 

Wiz3,w)W{w,Z2)W{zi,w)W{w,Z4) = RW{zi,w)Wiw,Z2)W{z3,w)W{w,Zi) (85) 

where R — e~"* is the monodromy of the KZ equation. In ((85|l zi and Z3 denote two points on a closed 
curve such that along the direction of the curve the point zi is before the point Z3 and in this case we 
choose a branch such that the angle of Z3 — zi minus the angle of zi — Z3 is equal to tt. 

Remark. We may use other representations of W {zi , Z2)W {Z3 , Z4) . For example we may use the 
following representation: 

W{ZI,W)W{W, Z2)W{Z3, w)Wiw, Z4) 
_ g-t log(zi-2:3)g-2t log(zi-to)g-t2 log{z3~w) j^^t log(24 -Z2) g2t log(z4-M>)g2t log(z2-u)) V°"J 

Then the interchange of zi and Z3 changes only Zi — Z3 to Z3 — zi. Thus the formula (|85|l holds. Similarly 
all other representations of W{zi, Z2)W{z3, Z4) will give the same result, o 

Now from H85|l wc can take a convention that the ordering H82() represents that the curve represented 
by W{zi, Z2) is upcrossing the curve represented by W{z3, Z4) while ((81|l represents zero crossing of these 
two curves. 

Similarly from the dual KZ equation as a choice of branch which is consistent with the above formula 
we have 

W{zi,w)W{w, Z4)W{z3, w)W{w, Z2) = W{z4,w)W{w, Z2)W{z3,w)W{w, Z4)R~^ (87) 

where Z2 is before Z4. We take a convention that the ordering in 1(87(1 represents that the curve represented 
by W{zi, Z2) is undercrossing the curve represented by W{z3, Z4). Here along the orientation of a closed 
curve the piece of curve represented by W{zi,Z2) is before the piece of curve represented by W{z3,Z4). 
In this case since the angle of Z3 — zi minus the angle of zi — Z3 is equal to tt we have that the angle of 
Z4 — Z2 minus the angle of Z2 — Z4 is also equal to tt and this gives the R~^ in this formula 187(1 . 
From lIHEl) and ((HZjl we have 

W{Z3,Z4)W{Z4,Z2) = RW{zi,Z2)W{z3, Z4)R-^ (88) 

where zi and Z2 denote the end points of a curve which is before a curve with end points Z3 and Z4. 
From ((88(1 we see that the algebraic structure of these quantum Wilson lines W{z, z') is analogous to the 
quasi-triangular quantum group jl9[|47j. 
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9 Computation of Quantum Wilson Loop 



Let us consider again the quantum Wilson line W{zi,Z4) = W{zi, Z2)W{z2, Z4). Let us set zi = z^. 
In this case the quantum Wilson line forms a closed loop. Now in (|78|l with z\ — Z4 we have that 
g-tiog±(zi-z2) Qj^^^ gtiog±(zi-z2) ■jyjiicJi come from the two-side KZ equations cancel each other and from 
the multivalued property of the log function we have 

M^(zi,zi) = i?"Ai4 n = 0,±l,±2,... (89) 

where R = e~"* is the monodromy of the KZ equation j47|. 

Remark. It is clear that if we use other representation of the quantum Wilson loop W{zi, zi) (such 
as the representation W{zi,zi) = W{zi,wi)W{wi,'W2)W{w2, zi)) then we will get the same result as 

Remark. For simplicity we shall drop the subscript of A14 in H89|) and simply write A14 — A. 

10 Defining Quantum Knots and Knot Invariant 

Now we have that the quantum Wilson loop W{zi,zi) corresponds to a closed curve in the complex 
plane with starting and ending point zi. Let this quantum Wilson loop W{zi, zi) represents the unknot. 
We shall call W{zi,zi) as the quantum unknot. Then from (|89l) we have the following invariant for the 
unknot: 

TrW{zi,zi) =TrR''A n = 0, ±1, ±2, ... (90) 

where A — An is a 2-tensor constant matrix operator. 

In the following let us extend the definition (|90|l to a knot invariant for nontrivial knots. Let W{zi, Zj) 
represent a piece of curve with starting point Zi and ending point Zj . Then we let 

W{zi,Z2)Wiz3,Z4) (91) 

represent two pieces of uncrossing curve. Then by interchanging zi and Z3 we have 

W{z3,w)Wiw, Z2)W{zi,w)W{w, Z4) (92) 

represent the curve specified by W{zi,Z2) upcrossing the curve specified by 1^(23,24). 

Now for a given knot diagram we may cut it into a sum of parts which are formed by two pieces of 
curves crossing each other. Each of these parts is represented by (|92|) f For a knot diagram of the unknot 
with zero crossings we simply do not need to cut the knot diagram). Then we define the trace of a knot 
with a given knot diagram by the following form: 

Tr ■ ■ • W{z3,w)W{w, Z2)W{zi,w)W{w, Z4) • ■ ■ (93) 

where we use (|92() to represent the state of the two pieces of curves specified by W{zi, Z2) and W{z3, Z4). 
The • • • means the product of a sequence of parts represented by (|92|l according to the state of each part. 
The ordering of the sequence in (|93|) follows the ordering of the parts given by the orientation of the knot 
diagram. We shall call the sequence of crossings in the trace as the generalized Wilson loop of the 
knot diagram. For the knot diagram of the unknot with zero crossings we simply let it be W{z, z) and 
call it the quantum Wilson loop. 

We shall show that the generalized Wilson loop of a knot diagram has all the properties of the knot 
diagram and that (|93|l is a knot invariant. From this we shall call a generalized Wilson loop as a quantum 
knot. 

11 Examples of Quantum Knots 

Before the proof that a generalized Wilson loop of a knot diagram has all the properties of the knot 
diagram in the following let us first consider some examples to illustrate the way to define H93(l and the 
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way of applying the braiding formulas 185(1 . (|87|l and (|88|) to equivalently transform H93() to a simple 
expression of the form TrR^™'W{z, z) where m is an integer. 

Let us first consider the knot in Fig.l. For this knot we have that 1(93(1 is given by 

TrW{z2, w)W{w, Z2)W{zi,w)W{w, zi) (94) 

where the product of quantum Wilson lines is from the definition ((92(1 represented a crossing at w. In 
applying 1(92(1 we let zi be the starting and the ending point. 




Fig.l 



Then we have that 1(94(1 is equal to 



TrW{w, Z2)W{zi,w)W{w, zi)W{z2, w) 
= TrRW{zi,w)W{w,Z2)R-^RWiz2,w)W{w,Zi)R-^ , . 

= TrWiz,,Z2)W{z2,z,) 
= TrW{z,,z,) 

where we have used ((88(1 . We see that ((95(1 is just the knot invariant l(9(J(l of the unknot. Thus the knot 
in Fig.l is with the same knot invariant of the unknot and this agrees with the fact that this knot is 
topologically equivalent to the unknot. 

Let us then consider a trefoil knot in Fig. 2a. By 1(92(1 and similar to the above examples we have that 
the definition ((93(1 for this knot is given by: 

TrW(z4,Wi)W{wi,Z2)W{zi,Wi)W{wi,Z5) ■ W{Z2,W2)W{W2, Zq) 

W{z5,W2)Wiw2,Z3) ■ W{zq, W3)W{w:i,Z4)W{z:i,'Wi)W{wz,zi) 
= TrW{zi,wi)RW{zi,wi)W{wi,Z2)R-^W{wi,z^) ■ W{z2,W2)RW{z5,W2) 

W{W2. zq)R-^W{w2. zg) • W{zq, W:i)RW{z:i, W:i)W{w:i, Zi)R-^W{w:i, zi) 
= TrWizi, wi)RWizu Z2)R-^W{wu z^) ■ W{z2, W2)RW{z^, z^)R-^W{w2. z^)- 

W{ZQ, U.3) i?VF(z3, Zi)R-^W{w3,zi) 
= TrWizi, wi)RW{zi, Z2)W{z2,W2)W{wi, Z5)W{z5, ze)R-^W{w2, z^)- 

Wize, W3)RW{Z3, Zi)R-^W{w3,zi) 
= TrW{z4,wi)RW{zi,W2)W{wi,Z6)R-^W{w2,Z3) . 

W{ze, W3)RWiz3, Zi)R-^W{w3,zi) 
= TrW{zi, wi)W{wi, ze)W{zi,W2)W{w2, Z3) 

W{ze, W3)RWiz3, Z4)R-'Wiw3,zi) 
= TrWizi, ZG)Wizi,Z3)W{ze,W3)RW{z3, Zi)R-^W{w3, z^) 
= TrR-'W{w3, z,)W{zi, z^)W{zr. Z3)W{z^, W3)RW{z3. z^) 
= TrWizi, ze)Wiw3,z^)R-^W{z,, ^3)1^(^6, W3)RWiz3, z^) 
= TrRWiz3, ze)Wiw3,z,)R-^W{z,,Z3)Wize, W3) 
= TrWiw3, zi)W{z3, ze)WizuZ3)W{ze,W3) 
= TrWize,zi)W{z3,ze)W{zuZ3) 

where we have repeatly used (|HH|l . Then we have that is equal to: 

TrW{ze,W3)W{w3,Zi)W{z3,W3)Wiw3,ze)Wizi,Z3) 
= TrRW{z3,W3)Wiw3, zi)Wize,W3)Wiw3, Z6)W^(zi, Z3) 
= TrRW{z3,W3)RWize, u.3)M^(u;3, zi)R-^W{w3, ze)W{zi, Z3) 
= TrW{z3,W3)RW{ze,zi)R-^Wiw3,ze)W{zi,Z3)R , 
= TrW{z3,W3)RW{ze,Z3)W{w3,ze) ^ ' 

= TrW{w3,Z6)W{z3,W3)RW{z6,Z3) 
= TrRW{z3,W3)W{w3,Z6)W{z6,Z3) 

= TrRWiz3,Z3) 
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where we have used H85|l and (|88|l . This is as a knot invariant for the trefoil knot in Fig. 2a. 




Then let us consider the trefoil knot in Fig. 2b which is the mirror image of the trefoil knot in Fig. 2a. 
The definition (|93|l for this knot is given by: 

TrW{z^,wi)W{wuz^)W{zi,wi)W{wuZ2)- 

W{z^, W2)W{w2,Z:i)W{z2,W2)W{w2,Z6)- /QC>, 
1¥(Z3, W:i)W{w:i, Z^)W{ZQ, W:i)W{w3, Z4) ^ ' 

= TrW{z5,zi)W{z2,z^)W{zi,Z2) 
where similar to (|96(l we have repeatly used (|88|l . Then we have that (|98|l is equal to: 

TrW{z5, zi)Wiz2,wi)WiwuZ5)Wizi,wi)WiwuZ2) 

- TrWiz5, zi)Wiz2,wi)Wiwi,Z2)Wizi,wi)Wiwi,Z5)R-^ 

^ TrW{z5, zi)W{z2,wi)RW{zi,wi)W{wi,Z2)R-^W{wi, zz)R-^ 

= TrR-^W{z5,zi)W{z2,wi)RW{zi,Z2)R-^W{wuz^) , . 

- TrW(z2,wi)W{z^,Z2)R-^W{wi,z^) ^""^^ 
= TrW{z^,Z2)R-^W{wi,z^)W{z2,wi) 

= TrW{z5,Z2)W{z2,wi)W{wi,Z5)R-^ 
= TrW{z.,,z^)R-^ 

where we have used (|87f) and (|88l) . This is as a knot invariant for the trefoil knot in Fig. 2b. We notice 
that the knot invariants for the two trefoil knots are different. This shows that these two trefoil knots 
are not topologically equivalent. 

More examples of the above quantum knots and knot invariants will be given in a following section. 



12 Generalized Wilson Loops as Quantum Knots 

Let us now show that the generalized Wilson loop of a knot diagram has all the properties of the knot 
diagram and that H93|l is a knot invariant. To this end let us first consider the structure of a knot. Let K 
be a knot. Then a knot diagram of K consists of a sequence of crossings of two pieces of curves cut from 
the knot K where the ordering of the crossings can be determined by the orientation of the knot K . As 
an example we may consider the two trefoil knots in the above section. Each trefoil knot is represented 
by three crossings of two pieces of curves. These three crossings are ordered by the orientation of the 
trefoil knot starting at zi. Let us denote these three crossings by 1, 2 and 3. Then the sequence of these 
three crossings is given by 123. On the other hand if the ordering of the three crossings starts from other 
Zi on the knot diagram then we have sequences 231 and 312. All these sequences give the same knot 
diagram and they can be transformed to each other by circling as follows: 

123 ^ 123(1) = 231 ^ 231(2) = 312 ^ 312(3) = 123 ^ • • • (100) 

where (x) means that the number x is to be moved to the {x) position as indicated. Let us call H100() as 
the circling property of the trefoil knot. 
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Fig.3 



As one more example let us consider the figure-eight knot in Fig.3. The simplest knot diagram of this 
knot has four crossings. 

Starting at zi let us denote these crossings by 1, 2, 3 and 4. Then we have the following circling 
property of the figure-eight knot: 



We notice that in this cirling of the figure-eight knot there are subcirclings. 

In summary we have that a knot diagram of a knot K can be characterized as a finite sequence of 
crossings of curves which are cut from the knot diagram where the ordering of the crossings is derived from 
the orientation of the knot diagram and has a circling property for which 1] 100(1 and HlOll) are examples. 

Now let us represent a knot diagram of a knot Khy a. sequence of products of Wilson lines representing 
crossings as in the above section. Let us call these products of Wilson lines by the term W-product. Then 
we call this sequence of W^-products as the generalized Wilson loop of the knot diagram of a knot K . 

Let us consider the following two VF-products: 



In the above section we have shown that these two W-products faithfully represent two oriented pieces 
of curves crossing or not crossing each other where W{zi, Z2) and W{z^, Z4) represent these two pieces of 
curves. 

Now there is a natural ordering of the W-products of crossings derived from the orientation of a knot 
as follows. Let W{zi, Z2) and W{z3, Z4) represent two pieces of curves where the piece of curve represented 
by W{zi, Z2) is before the piece of curve represented by W{z3, Z4) according to the orientation of a knot. 
Then the ordering of these two pieces of curves can be represented by the product W{zi, Z2)W{z3, Z4). 
Now let 1 and 2 denote two VF-products of crossings where we let 1 before 2 according to the orientation 
of a knot. Then from the ordering of pieces of curves we have that the product 12 represents the ordering 
of the two crossings 1 and 2. 

Now let a knot diagram of a knot K be given. Let the crossings of this knot diagram be denoted 
by 1,2,- ■ -,71 and let this knot diagram be characterized by the sequence of crossings 123 ■ ■ ■ n which is 
formed according to the orientation of this knot diagram. On the other hand let us for simplicity also 
denote the corresponding VF-products of crossings by 1, 2, • • •, n. Then the whole product of W^-products 
of crossings 123 ■ ■ ■ n represents the sequence 123 ■ ■ ■ n oi crossings which is identified with the the knot 
diagram. This whole product 123 • • ■ n of W^-products of crossings is the generalized Wilson loop of the 
knot diagram and we denote it by W{K). In the following let us show that this generalized Wilson loop 
W{K) has the circling property of the sequences of crossings of the knot diagram. It then follows that 
this generalized Wilson loop represents all the properties of the sequence 123 • • • n of crossings of the knot 
diagram. Then since this sequence 123 • ■ • n of crossings of the knot diagram is identified with the knot 
diagram we have that this generalized Wilson loop W{K) can be identified with the knot diagram. We 
have the following theorem. 



1234 ^ 1234(2) = 1342 1342(1) = 3421 ^ 3421(4) = 3214 3214(3) = 2143 
^ 2143(1) = 2431 ^ 2431(2) = 4312 ^ 4312(3) = 4123 4123(4) = 1234 ^ ■ • 



(101) 



W{z3,w)W{w,Z2)W{zi,w)W{w,Z4) and W{zi, Z2)W{z3, Z4) 



(102) 
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Theorem 5 Each knot K can be faithfully represented by its generalized Wilson loop W{K) in the sense 
that if two knot diagrams have the same generalized Wilson loop then these two knot diagrams must be 
topologically equivalent. 

Proof. Let us show that the generahzed Wilson loop W{K) of a knot diagram of K has the circling prop- 
erty. Let us consider a product W{zi, Z2)W{z3, Z4) where we first let zi, Z2, z^ and Z4 be all independent. 
By solving the two KZ equations as shown in the above sections we have 

W{zi,Z2)W{z3,Z4) = e-ti°g[±(^3-2i)]^gtiog[±(^2-^4)] (103) 

where the initial operator A is a 4-tensor as shown in the above sections. The sign ± in (|103|l reflects 
that solutions of the KZ equations are complex multi-valued functions. (We remark that the 4-tensor 
initial operator A in general may not commute with ^±{zi — Z2) = e~*'°s[±(zi-2:2)] g^i^d '^±{zi — Z2) = 

Then the interchange of W{zi,Z2) and ^^(23,24) corresponds to that zi and Z3 interchange their 
positions and Z2 and Z4 interchange their positions respectively. This interchange gives a pair of sign 
changes: 

(za - zi) (zi - Z3) and (z2 - Z4) ^ {za - Z2) (104) 
From this we have that W{z3, Z4)W{zi, Z2) is given by 

W{z3,Zi)W{zi,Z2) = e-"°s[±(^i-^^')Ue*^°s[±(^4-z2)] (^qS) 

Now let us set Z2 — Z3 and zi — 24 such that the two products in (|103|l and (|105() form a closed loop. 
In this case we have that the initial operator A is reduced from a 4-tensor to a 2-tcnsor and that <i>± and 

act on A by the usual matrix operation where A, $± and are matrices of the same dimension. In 
this case we have that A commutes with $± and since $± and are Casimir operators on SU{2). 

Let us take a definite choice of branch such that the sign change Z3 — zi ^ zi — Z3 gives a iir difference 
from the multivalued function log. Then we have that <&±(z3 — zi) = R^±{zi — Z3). Then since W{zi, Z2) 
and W{z3, Z4) represent two lines with zi, Z2 and Z3, Z4 as starting and ending points respectively we have 
that the sign change Z2 — Z4 — ^ Z4 — Z2 also gives the same in difference from the multivalued function 
log. Thus we have that 5'±(z4 — Z2) = i?~"'^^'±(z2 — Z4). It follows from this pair of sign changes and that 
A commutes with $± and 'i'± we have that W{zi, Z2)W{z3, Z4) = M^(z3, Z4)W{zi, Z2) when Z2 = Z3 and 
zi = Z4. This proves the simplest circling property of generalized Wilson loops. 

We remark that in the above proof the pair of sign changes gives two factors R and R^^ which cancel 
each other and gives the circling property. We shall later apply the same reason of pair sign changes to 
get the general circling property. We also remark that the proof of this circling property is based on the 
same reason as the derivation of the braiding formulas H85|l . I|87|l and H88|l as shown in the above sections. 

Let us consider a product of n quantum Wilson lines W{zi, z[), i = 1, n, with the property that the 
end points z^, z^ of these quantum Wilson lines are connected to form a closed loop. From the analysis 
in the above sections we have that this product is reduced from a tensor product to a 2-tensor. It then 
follows from H74(l that this product is of the following form: 

1[<^±{z,-z,)AY[^±{z1^z'^) (106) 

ij ij 

where the initial operator A is reduced to a 2-tensor and that the ± signs of ^±{zi — Zj) and '9±{zi — Zj) 
are to be determined. Then since $±(zi — Zj) and 5'±(zi — Zj) commute with A we can write (IIO6II in 
the form 

l[<f±{z.,~z,)Yl^±{zl-z'^)A (107) 

ij ij 

where i ^ j- From this formula let us derive the general circling property as follows. 

Let us consider two generalized Wilson lines denoted by 1 and 2 respectively. Here by the term 
generalized Wilson line we mean a product of quantum Wilson lines with two open ends. As a simple 
example let us consider the product W{z, zi)W{z2, z). By definition this is a generalized Wilson line 
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with two open ends zi and Z2 (z is not an open end). Suppose that the two open ends of 1 and 2 are 
connected. Then we want to show that 12 = 21. This identity is a generahzation of the above interchange 
of W{zi, z-i) and W(zz^ Z4) with Z2 — 23 and zi — 24. 

Because 12 and 21 form closed loops we have that 12 and 21 are products of quantum Wilson lines 
W{ui, Uk) (where Ui and Uk denote some Zp or Wq where we use Wq to denote crossing points) such that for 
each pair of variables Ui and Uj appearing at the left side of W{ui, Uk) and W{uj, ui) there is exactly one 
pair of variables Ui and Uj appearing at the right side of W{uf,Ui) and W{ug,Uj). Thus in the formula 
(|l()7(l (with the variables z, z' in p()7|l denoted by variables u) we have that the factors ^±(ui — Uj) and 
^±{ui — Uj) appear in pairs. 

As in the above case we have that the interchange of the open ends of 12 and 21 interchanges 12 to 
21. This interchange gives changes of the factors ^±{ui — Uj) and '^±{ui — Uj) as follows. 

Let zi and Z2 be the open ends of 1 and Z3 and Z4 be the open ends of 2 such that zi = Z4 and Z2 = z^. 
Consider a factor $± (zi — Z3) . The interchange of zi and 23 interchanges this factor to <i>± (23 ~ zi). Then 
there is another factor ^'±(2:2 — Z4). The interchange of Z2 and Z4 interchanges this factor to ^'±(24 — 22)- 
Thus this is a pair of sign changes. By the same reason and the consistent choice of branch as in the 
above case we have that the formula (|107|l is unchanged under this pair of sign changes. 

Then let us consider a factor ^±{ui — Uj) of the form ^±{zi — Uj) where Ui = zi and uj is not an 
open end. Corresponding to this factor we have the factor $±(2:3 — Uj). Then under the interchange of 
zi and Z3 we have that ^±{zi — Uj) and ^±{z3 — Uj) change to $±(23 — Uj) and ^±{zi — Uj) respectively 
which gives no change to the formula Hl()7|l . A similar result holds for the interchange of 22 and 24 for 
factors vE'±(22 — uj) and ^'±(24 — uj). 

It follows that under the interchange of the open ends of 1 and 2 we have the pairs of sign changes 
from which the formula H107I) is unchanged. This shows that 12 — 21. 

Then we consider two generalized Wilson products of crossings which are products of crossings with 
four open ends respectively. Let us again denote them by 1 and 2. Each such generalized Wilson crossing 
can be regarded as the crossing of two generalized Wilson lines. Then the interchange of two open ends 
of the two generalized lines of 1 with the two open ends of the two generalized lines of 2 respectively 
interchanges 12 to 21. Then let us suppose that the open ends of these two Wilson products are connected 
in such a way that the products 12 and 21 form closed loops. In this case we want to show that 12 — 21 
which is a circling property of a knot diagram. The proof of this equality is again similar to the above 
cases. In this case we also have that the interchange of the open ends of the two generalized Wilson 
crossings gives pairs of sign changes of the factors ^±{ui — Uj) and ^±(wi — Uj) in 12 and 21. Then by 
using H107|l we have 12 = 21. 

Let us then consider two generalized Wilson products of crossings denoted by 1 and 2 with open ends 
connected in such a way that two open ends of 1 (of the four open ends of 1) are connected to two open 
ends of 2 to form a closed loop. We want to prove that 12 = 21. This will give the subcircling property. 

Since a closed loop is formed we have that each open end of 1 or of 2 is connected to a closed loop. In 
this case as the above cases we have that the products 12 is with the initial operator A being a 2-tensor 
since the open ends of 1 or 2 do not cause A to be a tensor with tensor degree more than 2 by their 
connection to the closed loop. Indeed, let 2 be an open end of 1 or 2. Then it is an end point of a 
quantum Wilson line W{z, z') which is a part of 1 and 2 such that 2' is on the closed loop formed by 
1 and 2. Then we have that this quantum Wilson line W{z, z') is connected with the closed loop at 2'. 
Since the loop is closed from the open end 2 we can go continuously along the closed loop to the open 
end of other quantum Wilson lines connected to the closed loop. It follows that the open end 2 gives no 
additional tensor degree to the initial operator A for the product 12 or 21 and that the initial operator 
A is still as the initial operator for the closed loop that it is a 2-tensor. (This is the same reason that in 
the above section on the computation of quantum Wilson loop we have that two quantum Wilson lines 
W{zi,Z2) and W{z2,Z4) connected at 22 with two open ends 21 and 24 is with the same 2-tensor intial 
operator A as the case that the two quantum Wilson hues W{zi, 22) and W{z2, 24) form a closed loop 
with 2i = 24). 

Now since A is a 2-tensor we have that A, $± and are as matrices of the same dimension. In this 
case we have that A commutes with $± and \E'±. Then by interchange the open ends of 1 with open ends 
of 2 we interchange 12 to 21. This interchange again gives pairs of sign changes. Then since the initial 
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operator A commutes with $± and we have that 12 — 21, as was to be proved. Then we let 12 and 
21 be connected to another generahzed Wilson product of crossing denoted by 3 to form a closed loop. 
Then from 12 = 21 we have 312 = 321 and 123 — 213. This gives the subcircling property of generalized 
Wilson loops. This subcircling property has been illustrated in the knot diagram of the fight-eight knot. 
Then from a case in the above we also have the circling property 321 = 213 between 3 and 21. 

Continuing in this way we have the circling or subcircling properties for generalized Wilson loops 
whenever the open ends of a product of generalized Wilson lines or crossings are connected in such a way 
that among the open ends a closed loop is formed. This shows that the generalized Wilson loop of a knot 
diagram has the circling property of the knot diagram. With this circling property it then follows that 
the generalized Wilson loop of a knot diagram completely describes the structure of the knot diagram. 

Now since the generalized Wilson loop of a knot diagram is a complete copy of this knot diagram 
we have that two knot diagrams which can be equivalently moved to each other if and only if the 
corresponding generalized Wilson loops can be equivalently moved to each other. Thus we have that 
if two knot diagrams have the same generalized Wilson loop then these two knot diagrams must be 
equivalent. This proves the theorem, o 

Examples of generalized Wilson loops. As an example of generalized Wilson loops let us consider 
the trefoil knots. Starting at zi let the W-product of crossings be denoted by 1, 2 and 3. Then we have 
the following circling property of the generalized Wilson loops of the trefoil knots: 

123 = 123(1) = 231 = 231(2) = 312 = 312(3) = 123 = • ■ • (108) 

As one more example let us consider the figure-eight knot. Starting at zi let the W-product of crossings 
be denoted by 1, 2, 3 and 4. Then we have the following circling property of the generalized Wilson loop 
of the figure-eight knot: 

1234 1234(2) = 1342 = 1342(1) = 3421 = 3421(4) = 3214 = 3214(3) = 2143 

= 2143(1) = 2431 = 2431(2) = 4312 = 4312(3) = 4123 = 4123(4) = 1234 = • • • ^ ' 

o 

Definition. We may call a generalized Wilson loop of a knot diagram as a quantum knot since by 
the above theorem this generalized Wilson loop is a complete copy of the knot diagram, o 
From the above theorem we have the following theorem. 

Theorem 6 Let W{K) denote the generalized Wilson loop of a knot K . Then we can write W{K) in 
the form R~"^W{C) = i?~'"VF(zi, zi) for some integer m where C denotes a trivial knot and W{C) = 
W{zi,Zi) denotes a Wilson loop on C with starting point zi and ending point zi. From this form we 
have that the trace TrR^™' is a knot invariant which classifies knots. Thus knots can be classified by the 
integer m. 

Proof. Since a generalized Wilson loop W{K) is in a closed and connected form we have that a 
generalized Wilson loop W{K) can be of the form (|107|l . Thus from the multivalued property of the log 
function and the two-side cancelation in H107|l we have that W{K) can be of the following (multivalued) 
form 

W{K) = R-''A (110) 

for some integer k,k — 0, ±1, ±2, ±3, .... Furthermore for nontrivial knot K there are some factors R^'^^ of 
R~'' coming from the braidings of Wilson lines ( for which the generalized Wilson loop W{K) is formed) 
by braiding operations such as H85() and H87I) . Thus we can write the integer k in the form k — m + n for 
some integer m and for some integer n,n — 0, ±1, ±2, ... where n is obtained by the two-side cancelations 
in such a way that the cancelations are obtained when the Wilson lines of the knot diagram for K are 
connected together to form a Wilson loop W{C) where C is a closed curve which is as an unknot and is 
of the same form as the knot diagram for K when this knot diagram of K is considered only as a closed 
curve in the plane (such that the upcrossings and undercrossings are changed to let K be the unknot 
C). From this we have W{C) = R~^A for n = 0, ±1, ±2, .... Thus W{K) can be written in the following 
form for some m: 

W{K) = R-'"'W{C) (111) 
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This number m is unique since if there is another number mi such that W{K) = R '"'■^W{C) then 
we have the equahty: 

R~"'W{C) ^W{K) ^ R-'^'WiC) (112) 

This shows that i?^™ = R~™^ and thus mi — m. 
From pil|) we also have 

TrW{K) = TrR-'^WiC) (113) 

for some integer m and that TrR~™^W{C) is a knot invariant. 

Then let us show that the invariant TrR~"'^W{C) classifies knots. Let Ki and K2 be two knots with 
the same invariant TrR~™W{C). Then Ki and K2 are both with the same invariant R~™'W{C) where 
the trace is omitted. Then by the above formula llllll we have 

W{Ki) = i?"™W^(C) = W{K2) (114) 

Thus W{Ki) and W{K2) can be transformed to each other. Thus Ki and K2 are equivalent. Thus the 
invariant TrR~"^W{C) classifies knots. It follows that the invariant TrR~"'^ classifies knots and thus 
knots can be classified by the integer m, as was to be proved, o 



13 More Computations of Knot Invariant 

In this section let us give more computations of the knot invariant TrR~"^. We shall show by computation 
(with the chosen braiding formulae) that the fight-eight knot 4i is assigned with the number to = 3 and 
two composite knots composed by two trefoil knots (with the names reef knot and granny knot and 
denoted by 3i -k 3i and 3i x 3i respectively) are assigned with the numbers —to = 4 and —to = 9 
respectively. The computation is quite tedious. In the next section we shall have a more efficient way to 
determine the integer m. Readers may skip this section for the first reading. 

Let us first consider the figure-eight knot. From the figure of this knot in a above section we have 
that the knot invariant of this knot is given by: 

TrW{ze, wi)W{wi, Z2)W{zi,wi)W{wi, zj)- 

W{Z2, W2)Wiw2,Ze)Wiz5, W2)W{W2,Z3)- 
W{zs,W3)W{w3,Zi)W{z3,W3)W{w3,Zi)- 
W{zi, W4)W{wi, Zs)W{z7, Wi)W{wi,Z5) 

In the above computation we have chosen zi as the staring point (By the circling property we may choose 
any point as the starting point). By repeatedly applying the braiding formulas H85() . 187|l and H88|l we 
have that this invariant is equal to: 

TrR-^W{w2,Z3)W{zs,W2)W{z3,zs) (116) 

Then we have that (|116|l is equal to 

TrW{z3, zs)R-''W{w2,z)W{z, Z3)W{zs, zi)W{zi,W2) (117) 

where W{'W2, Z3) — W{w2, z)W{z, Z3) with z being a point on the line represented by W{'W2, Z3) and that 
W{zstW2) — W{zs, zi)W{zi, 102)- Since zi is as the starting and ending point and is an intermediate 
point we have the following braiding formula: 

W{W2, Z3)W{zs,W2) 

= Wiw2,z)Wiz,Z3)W{zs,zi)Wizi,W2) 

= R-^W{zs,zi)Wiz,z3)W{w2,z)Wizi,W2) (118) 

= R-^Wizs, zi)W{zi,w2)W{w2, z)W{z, Z3)R-^ 

- R-^Wizs,W2)Wiw2,Z3)R-^ 
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Thus we have that H116|l is equal to 



TrW{z3,zs)R-^R-^Wizs, W2)W{w2, z^)R-^ 

TrW{z3,zs)R-^W{zs,Z3)R'^ (119) 
TrW{z3,zs)R~''W{zs,Z3) 



Then in (|119(l we have that 



W{zs,Z3) 

= W{Z8,Z3)R-^ 

= W{zs,zi)W{zi,wi)W{wi,Z2)W{z2,Z3)R-^ (120) 
= W{zs, zi)W{z2,Z3)W{wi,Z2)W{zi,wi)RR-^ 

= W{zs, Zi)W{z2,Z3)W{wuZ2)W{zi,Wi) 

This shows that W{zs, 2:3) is a generalized Wilson line. Then since generalized Wilson lines are with the 
same braiding formulas as Wilson lines we have that by a braiding formula similar to (|118|l (for zi as the 
starting and ending point and as an intermediate point) the formula H119|) is equal to: 

TrR-^W{zs,Z3)W{z3,zs) 
= TrR-^RW{z3,zs)Wizs,Z3)R 

= TrR--^W{z3,zs)Wizs,Z3) ^'^'> 
= TtR-^W{z3,Z3) 

where the first equality is by a braiding formula which is similar to the braiding formula (|118|l . This is 
the knot invariant for the figure-eight knot and we have that m = 3 for this knot. 

Let us then consider the composite knot 3i ★ 3i in Fig. 4. The trace of the generalized loop of this 
knot is given by (In Fig. 4 one of the two should be Wi): 

TrW{zi, wi)Wiwi,Z2)Wizi,wi)Wiwi,Z5y 

W{Z2, W2)W{w2,Zg)W{z5, W2)W{w2,Z3)- 

W{z3, w[)W{w[,z'^)W{z'^, w[)W{wyz'2)- 

W{z'^,W2)W{w'2,z'^)W{z2,W2)W{w2,Zq)- 

W{z'^, w'3)W{w'3,z[)W{z'^, w's)W{w'3,z'^)- 

W{zg, W3)W{w3,Z4:)W{z[,W3)W{w3,Zi) 




Fig.4 

By repeatedly applying braiding formula (|88(l we have that this invariant is equal to 

TrW{zi,w'2)Wiz5,z,)W{w'2,Z5) 

= TrW{Zi,W2)W{w2,w'2)W{z5,W2)W{w2, Zi)W{w'2, Z5) 
= TrW{zi,W2)W{w2, Zi)W{z5,W2)W{w2,w'2)R^W{w'2,Z5) 



(123) 



where the braiding of W{w2,zi) and W{w2,W2) gives i?^. This braiding formula comes from the fact 
that the Wilson line W{w2,W2) represents a curve with end points W2 and such that one and a half 
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loop is formed which cannot be removed because the end point 1112 is attached to this curve itself to form 
the closed loop. This closed loop gives a Stt phase angle which is a topological effect. Thus while the 
usual braiding of two pieces of curves gives R which is of a tt phase angle we have that the braiding of 
W{w2, zi) and W{'W2, W2) gives R and an additional Stt phase angle and thus gives i?^. 
Then we have that H122|) is equal to 

TrW{w'2, Z5)W{ZI,W2)W{W2,ZI)W{Z5,W2)W{W2,W'2)R'' 
= TrWiw'2, Z5)W{zi,W2)RWiz5,W2)W{w2,Zi)R'^Wiw2,w'2)R'' 
= TrWiw'2, Z5)W{zi,W2)RWizr„ zi)R-^Wiw2,W2)R^ 

= TrRW(zi,W2)W{w'2,Z5)W{z5,zi)R-'W{w2,W2)R'' .^241 
= TrRW{zi,W2)W{w'2,zi)R-^W{w2,w'2)R'^ ^ ' 

= TrW{w2,Zx)W{zY,W2)W{w2,W2W 
= TrW{w2-,W2)W{w2,W2)R^ 

= TrW{w2,W2)R'' 

This is the invariant of 3i 7k- 3i. Thus we have that — m ~ 4 for 3i ★ 3i. 

Let us then consider the composite knot 3i x 3i in Fig. 5. We have that the trace of the generalized 
Wilson loop of 3i x 3i is given by (In Fig. 5 one of the two W3 should be w^): 

TrW{zi, wi)Wiwi,Z2)W{zi,wi)Wiwi,Z5y 

W{Z2,W2)W{W2,Z6)W{Z5,W2)W{W2,Z3)- 

W{z'^, w[)W{w[,z'2)W{z3,w[)W{w[,z'^)- 

W{z2,W2)W{w2,Zq)W{z'^,W2)W{w2,z'3)- 

W{zq,w'3)W{w'3,z'^)W{z'^,w'3)W{w'3,z[)- 

W{z6,W3)W{w3,Z4)W{z[,W3)W{w3,Zi) 




Z5 Zs 
Fig.5 



By repeatedly applying braiding formulas 185|) . H87|l and (|88|l we have that this invariant is equal to 

TrRW{z[,wi)R^W{zl z'(^)W{wu z'i)W{z'e, z[) (126) 

where the quantum Wilson line W{wi, z^) represents the piece of curve which starts at wi and goes 
through Z5, zq, z\ and ends at 2:4. This curve includes a one and a half loop which cannot be removed 
since wi is attached to this curve to form the loop. This is of the same case as that in the knot Z\-kZ\. 
This is a topological property which gives a Stt phase angle. 
We have that H126() is equal to 

TrRW{z^,w{)R^W{z^,w^)W{w^,z^)W{wr,w;)W{w^J^W{z^,z^) (127) 

where the piece of curve represented by quantum Wilson line W (w\^w^ also contains the closed loop. 
Now let this knot 3i x 3i be starting and ending at Zg. Then by the braiding formula on W(w\^ Wi) and 
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W{z4^, Wi) as in the case of the knot 3i * 3i we have that H127|l is equal to 



TrRW{z^,wi)R^ 

R^W{w,,w[)W{w[,z'^)Wizlw[)Wiw[,z'4)Wiz'^,z[) 
= TrRW{z[,wi)R^ 

Wiwi,w[)RW{z'^, w[)Wiw[,z'Q)R~^Wiw[,z'4)Wiz'Q,z'i) 
= TrRW{z[,wi)R^ 

Wiwi,w[)RWiz'4, z'Q)R'^W{w[,z'^)Wiz'Q, z[) (128) 
= TrRW{z[,wi)R^ 

W{w^,w[)RW{z^, z^)W{z^, z^)W{w^,z^)R-^ 
= TrRW{z[,wi)R^ 

W{wi,w[)RW{z'4^, z[)W{w[, z'^)R-^ 
= TrW{z[,wi)R^W{wi,w[)RW{z'^,z[)W{w[,z'^) 

where we have repeatedly applied the braiding formula (|88|l . 

Now let Z4 be the starting and ending point. Then we have that H128() is equal to 



TrW{z[, wi)R^W{wi,w[)W{w^,z^)W{z^, z[)R 
= TrW{z[,wi)R^W{wi,z[)R 

= Trwlz[, wi)R^wlwi,w[)Wiw[,z'4}Wiz'4^, w[)Wiw[,z[)R 
= TrW{z[, wi)R^W{wi,w'^)W{w[,z'j^)W{z'4^, w'^)W{w[,z'^) 
=: TrW{z[,wi)R^W{wi,z'-^^) 
= TrR^W{wi,z[)W{z[,wi) 



(129) 



where W{wi,Zi) denotes the following generalized Wilson line: 

W{wi,w[)W{w[,z[)W{z'^, w[)W{w[,z'^) (130) 

Then by the same braiding formula for generalized Wilson lines as that for Wilson lines (with z^ as the 
starting and ending point and as an intermediate point) we have that H129() is equal to: 

TrR^W{wi, z[)W{z[,wi) 
= TrR'^RWiz[,wi)Wiwi,z[)R 

= TrR^RW{z[,wi)W{'Wi,z'^)RR ^ ' 

= TrR^W{z[,z'^) 



This is the knot invariant for the knot 3i x 3i. Thus we have that — m = 9 for the knot 3i x 3i. Then 
we have that the image of 3i x 3i is with the knot invariant TrR~^W{zi, z-^). 



14 A Classification Table of Knots I 

In the above sections the computations of the knot invariant TrR^™ is tedious. In this section let us use 
another method to determine the integer m without carrying out the tedious computations. We shall use 
only the connected sum operation on knots to find out the integer m. For simplicity we use the positive 
integer |m| to form a classification table of knots where m is assigned to a knot while —to is assigned to 
its mirror image if the knot is not equivalent to its mirror image. Our main references on the connected 
sum operation on knots are |33|-|38j. 

Let ★ denote the connected sum of two knots such that the resulting total number of alternating 
crossings is equal to the sum of alternating crossings of each of the two knots minus 2. As an example 
we have the reef knot (or the square knot) 3i * 3i which is a composite knot composed with the knot 3i 
and its mirror image as in Fig. 4. This square knot has 6 crossings and 4 alternating crossings. Then let 
x denote the connected sum for two knots such that the resulting total number of alternating crossings 
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is equal to the sum of alternating crossings of each of the two knots. As an example we have the granny 
knot 3i X 3i which is a composite knot composed with two identical knots 3i as in Fig. 5 (For simplicity 
we use one notation 3i to denote both the trefoil knot and its mirror image though these two knots are 
nonequivalent). This knot has 6 alternating crossings which is equal to the total number of crossings. 
We have that the two operations ★ and x satisfy the commutative law and the associative law |33 | -|38 | . 
Further for each knot there is a unique factorization of this knot into a ★ and x operations of prime knots 
which is similar to the unique factorization of a number into a product of prime numbers 33 - 38 . We 
shall show that there is a deeper connection between these two factorizations. 

We shall show that we can establish a classification table of knots where each knot is assigned with a 
number such that prime knots are bijectively assigned with prime numbers such that the prime number 
2 corresponds to the trefoil knot (The trefoil knot will be assigned with the number 1 and is related to 
the prime number 2). We have shown by computation that the knot 3i is with m = 1, the knot 4i is 
with TO = 3. Thus there are no knots assigned with the number 2 since other knots are with crossings 
more than these two knots. We have shown by computation that the knot 3i ★ 3i is assigned with the 
number 4. Thus we have 1*1 = 4 (Since knots are assigned with integers we may regard the * and 
x as operations on the set of numbers). This shows that the number 1 plays the role of the number 2. 
Thus while the knot 3i is with m = 1 we may regard this to = 1 is as the even prime number 2. We 
shall have more to say about this phenomenon of 1 and 2. This phenomenon reflects that the operation 
-k has partial properties of addition and multiplication where m = 1 is assigned to 3i for addition while 
3i plays the role of 2 is for multiplication. The aim of this section is to find out a table of the relation 
between knots and numbers by using only the operations * and x on knots and by using the following 
data as the initial step for induction: 

Initial data for induction: The prime knot 3i is assigned with the number 1 and it also plays the 
role of 2. This means that the number 2 is not assigned to other knots and is left for the prime knot 3i. 
o 

Remark. We shall say that the prime knot 3i is assigned with the number 1 and is related to the 
prime number 2. o 

We shall give an induction on the number n of 2" for establishing the table. For each induction step on 
n because of the special role of the trefoil knot 3i we let the composite knot 3i" obtained by repeatedly 
taking ★ operation n — 1 times on the trefoil knot 3i be assigned with the number 2" in this induction. 

Let us first give the following table relating knots and numbers up to 2^ as a guide for the induction 
for establishing the whole classification table of knots: 



Type of Knot 


Assigned number \m\ 


Type of Knot 


Assigned number |to| 


3i 


1 


63 


17 




2 


3i X 4i 


18 


4i 


3 


7i 


19 


3i ^31 


4 


4i *5i 


20 


5i 


5 


4i*(3i*4i) 


21 


3i*4i 


6 


4i *52 


22 


52 


7 


72 


23 


3x 3x 3x 


8 


3i (3i X 3i) 


24 


3i X 3i 


9 


3i*(3i*5i) 


25 


3i ★Si 


10 


3i *6i 


26 


6i 


11 


3i*(3i*52) 


27 


3i ★Sa 


12 


3i*62 


28 


62 


13 


73 


29 


4i ^41 


14 


(3i*3i)*(3i*4i) 


30 


4i*(3i*3i) 


15 


74 


31 


(3i*3i)*(3i*3i) 


16 


(3i *3i) * (3i *3i *3i) 


32 



From this table we see that the * operation is similar to the usual multiplication • on numbers. Without 
the X operation this * operation would be exactly the usual multiplication on numbers if this * operation 
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is regarded as an operation on numbers. From this table we see that comparable composite knots (in a 
sense from the table and we shall discuss this point later) are grouped in each of the intervals between two 
prime numbers. It is interesting that in each interval composite numbers are one-to-one assigned to the 
comparable composite knots while prime numbers are one-to-one assigned to prime knots. Here a main 
point is to introduce the x operation while keeping composite knots correspond to composite numbers 
and prime knots correspond to prime numbers. To this end we need to have rooms at the positions of 
composite numbers for the introduction of composite knots obtained by the x operation. We shall show 
that these rooms can be obtained by using the special property of the trefoil knot which is assigned with 
the number 1 (for the addition property of the * and x operations) while this trefoil knot is similar to 
the number 2 for the multiplication property of the * operation. 

Let us then carry out the induction steps for obtaining the whole table. To this end let us investigate 
in more detail the above comparable properties of knots. We have the following definitions and theorems. 

Definition. We write Ki < K2 if Ki is before K2 in the ordering of knots; i.e. the number assigned 
to Ki is less than the number assigned to K2- 

Definition (Preordering). Let two knots be written in the form Ki -k K2 and Ki -k where we 
have determined the ordering of K2 and K^. Then we say that Ki -k K2 and Ki * K3 are in a preordering 
in the sense that we put the ordering of these two knots to follow the ordering of K2 and K3. If this 
preordering is not changed by conditions from other preorderings on these two knots (which are from 
other factorization forms of these two knots) then this preordering becomes the ordering of these two 
knots. We shall see that this preordering gives the comparable property in the above table, o 

Remark, a) This definition is consistent since if Ki is the unknot then we have Ki ★ K2—K2 and 
Ki -k Kj,=K-i and thus the ordering of Ki k K2 and Ki ★ K-^ follows the ordering of K2 and K-^. 

b) We can also define similarly the preordering of two knots Ki x K2 and Ki x with the x 
operation, o 

We have the following theorem. 

Theorem 7 Consider two knots of the form Kik K2 and Kik K3 where Ki, K2 and if 3 are prime knots 
such that K2 < . Then we have Ki k K2 < Ki k Kg, . 

Proof. Since Ki, K2 and K3 are prime knots there are no other factorization forms of the two knots 
Ki k K2 and Ki k K3. Thus these two forms of the two knots are the only way to give preordering to the 
two knots and thus there are no other conditions to change the preordering given by this factorization 
form of the two knots. Thus we have that K2 < implies Ki ★ K2 < Ki ★ K3. o 

Theorem 8 Suppose two knots are written in the form Ki k K2 and Ki k Kg for determining their 
ordering and that the other forms of these two knots are not for determining their ordering. Suppose that 
K2 < Kg . Then we have Ki k K2 < Ki ★ Kg . 

Proof. The proof of this theorem is similar to the proof of the above theorem. Since the other factor- 
ization forms are not for the determination of the ordering of the two knots in the factorization form 
Ki ★ K2 and Ki * Kg we have that the preordering of these two knots in this factorization form becomes 
the ordering of these two knots. Thus we have Ki k K2 < Ki k Kg. o 
As a generalization of theorem [7| we have the following theorem. 

Theorem 9 Let two knots be of the form Ki * K2 and Ki k Kg where K2 and Kg are prime knots. 
Suppose that K2 < Kg . Then we have Ki * K2 < Ki k Kg . 

Proof. We have the preordering that Ki-kK2 is before KikKg. Then since K2 and Kg are prime knots 
we have that the other preordering of Ki-kK2 and KikcKg can only from the factorization of Ki. Without 
loss of generality let us suppose that Ki is of the form Ki ~ K4 ★ K5 where K4 < K5 and K4 and K^ are 
prime knots. Then we have the factorization Ki k K2 = K4 * {K^ k K2) and Ki k Kg = K^ k [K4 k Kg). 
This factorization is the only factorization that might change the preordering that Ki -k K2 is before 
Ki -k Kg. Then if K2 ^ K4 or Kg ^ if 5 with this factorization the two knots Ki k K2 and if 1 ★ if 3 are 
noncomparable in the sense that this factorization gives no preordering property and that the ordering 
of these two knots is determined by other conditions. Thus this factorization of if 1 * if2 and if 1 * if3 is 
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not for the determination of the ordering of Ki ★ K2 and Ki ★ K^. Thus the preordering that Ki * K2 
is before Ki ★ A'3 is the ordering of Ki -k K2 and Ki ★ K3. On the other hand if K2 = K4 and K3 = 
then this factorization gives the same preordering that Ki ★ K2 is before Ki -kK^. Thus for this case the 
preordering that Ki ★ K2 is before Ki * is also the ordering of Ki -k K2 and Ki ★ K^. Thus we have 
KikK2< Ki*K3. o 

In addition to the above theorems we have the foUowing theorems. 

Theorem 10 Consider two knots of the form Ki x K2 and Ki x K3 where Ki, K2 and K3 are prime 
knots such that K2 < K^. Then we have Ki x K2 < Ki x K^. 

Proof. By using a preordering property for knots with x operation as similar to that for knots with * 
operation we have that the proof of this theorem is similar to the proof of the above theorems, o 

Theorem 11 Let two knots be of the form Ki x K2 and Ki x where K2 and K3 are prime knots. 
Suppose that K2 < if 3. Then we have Ki x K2 < Ki x K^. 

Proof. The proof of this theorem is also similar to the proof of the theorem |51 o 

These two theorems will be used for introducing and ordering knots involved with a x operation which 
will have the effect of pushing out composite knots with the property of jumping over (to be defined) 
such that knots are assigned with a prime number if and only if the knot is a prime knot. 

Let us investigate more on the property of preordering. We consider the following 

Definition (Preordering sequences). At the nth induction step let the prime knot 3i take a 
* operation with the previous {n — l)th step. We call this obtained sequence of composite knots as a 
preordering sequence. Thus from the ordering of the {n — l)th step we have a sequence of composite 
knots which will be for the construction of the nth step. 

Then we let the prime knot 4i (or the knot assigned with a prime number which is 3 in the 2nd step 
as can be seen from the above table) take a -k operation with the previous (n — 2)th step. From this we 
get a sequence of composite knots for constructing the nth step. Then we let the prime knots 5i and 82 
(which are prime knots in the same step assigned with a prime number which is 5 or 7 in the 3rd step as 
can be seen from the above table) take a * operation with the previous (n — 3)th step respectively. From 
this we get two sequences for constructing the nth step. 

Continuing in this way until the sequences are obtained by a prime knot in the (n — l)th step taking 
a -k operation with the step n = 1 where the prime knot is assigned with a prime number in the (n — l)th 
step by induction (By induction each prime number greater than 2 will be assigned to a prime knot). 

We call these obtained sequences of composite knots as the preordering sequences of composite knots 
for constructing the nth step. Also we call the sequences truncated from these preordering sequences as 
preordering subsequences of composite knots for constructing the nth step, o 

We first have the foil wing lemma on preordering sequence. 

Lemma 1 Let K he a knot in a preordering sequence of the nth step. Then there exists a room for this 
K in the nth step in the sense that this K corresponds to a number in the nth step or in the (n — l)th 
step. 

Proof. Let K be of the form K = Z^^Ki where Ki is a knot in the previous (n — l)th step. By induction 
we have that Ki is assigned with a number a which is the position of Ki in the previous (n — l)th step. 
Then since 3i corresponds to the number 2 we have that K corresponds to the number 2 ■ a in the nth 
step (We remark that K may not be assigned with the number 2 ■ a). Thus there exists a room for this 
K in the nth step. 

Then let K be of the form K = A^-kK2 where K2 is a knot in the previous (n — 2)th step. By induction 
we have that K2 is assigned with a number b which is the position of K2 in the previous (n — 2)th step. 
Since 4i is by induction assigned with the prime number 3 we have 3 • 6 > 3 ■ 2""'^ > 2 • 2""'^ = 2""^. 
Also we have 3 • 6 < 3 • 2""^ < 2^ • 2"^^ = 2". Thus there exists a room for this K in the (n - l)th step 
or the nth step. 

Continuing in this way we have that this lemma holds, o 
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Remark. By using this lemma we shall construct each nth step of the classification table by first 
filling the nth step with the preordering subsequences of the nth step, o 

Remark. When the number corresponding to the knot K in the above proof is not in the nth step 
we have that the knot K in the preordering sequences of the nth step has the function of pushing a knot 
K' out of the nth stop where this knot K' is related to a number in the nth step in order for the knot K 
to be filled into the nth step. 

As an example in the above table the knot K = 4i -k 5i (related to the number 3 • 5) in a preordering 
sequence of the 5th step pushes the knot K' = 5i * 5i related to the number 5 • 5 in the 5th step out of 
the 5th step. This relation of pushing out is by the chain 3-5— >2-2-5^5-5. 

As another example in the above table the knot K = S^-k (3i x 3i) (correspoded to the number 2 • 9) 
in a preordering sequence of the 5th step pushes the knot K' = 3i * (4i * 5i) related to the number 2 • 3 • 5 
in the 5th step out of the 5th step. This relation of pushing out is by the chain 2-9 — * 2-2-2-3 — » 2-3-5. 
o 

Lemma 2 For n >2 the preordering subsequences for the nth step can cover the whole nth step. 

Proof. For n = 2 we have one preordering sequence with number of knots = 2° which is obtained by 
the prime knot 3i taking operation with the step n = 2 — 1 = 1. In addition we have the knot 3i ★ 3i 
which is assigned at the position of 2", n = 2 by the induction procedure. Then since the total rooms of 
this step n = 2 is 2^ we have that these two knots cover this step n = 2. 

For n = 3 we have one preordering sequence with number of knots = 2^ which is obtained by the 
prime knot 3i taking ★ operation with the step 3 — 1 = 2. This sequence cover half of this step n = 3 
which is with 2'^^^ = 2^ rooms. Then we have one more preordering sequence which is obtained by the 
knot 4i taking ★ operation with step n = 1 giving the number 2'^ = 1 of knots. This covers half of the 
remaining rooms of the step n = 3 which is with 2^^^ = 2^ rooms. Then in addition we have the knot 
3i *3i which is assigned at the position of 2", n = 2 by the induction procedure. The total of these four 
knots thus cover the step n = 3. 

For the nth step we have one preordering sequence with the number of knots = 2"~^ which is obtained 
by the prime knot 3i taking -k operation with the n — 1th step. This sequence cover half of this nth step 
which is with 2"~^ rooms. Then we have a preordering sequence which is obtained by the knot 4i taking 
■k operation with the (n — 2)th step giving the number 2"~^ of knots. This covers half of the remaining 
rooms of the nth step which is with the remaining 2"~^ rooms. Then we have one preordering sequence 
obtained by picking a prime knot (e.g.Si) which by induction is assigned with a prime number (e.g. the 
number 5) taking ★ operation with the (n — 3)th step. Continue in this way until the knot 3i" is by 
induction assigned at the position of 2". The total number of these knots is 2"~^ and thus cover this nth 
step. This proves the lemma. ❖ 

Remark. Since there will have more than one prime number in the fcth steps {k > 2) in the covering 
of the nth step there will have knots from the preordering sequences in repeat and in overlapping. 
These knots in repeat and in overlapping may be deleted when the ordering of the subsequences of the 
preordering sequences has been determinated for the covering of the nth step. 

Also in the preordering sequences some knots which are in repeat and are not used for the covering 
of the nth step will be omitted when the ordering of the subsequences of the preordering sequences has 
been determinated for the covering of the nth step, o 

Let us then introduce another definition for constructing the classification table of knots. 

Definition (Jumping over of the first kind). At an induction nth step consider a knot K' and 
the knot K = 3i" which is a ★ product of n knots 3i. K' is said to jump over K, denoted hy K ^ K', if 
exist K2 and K3 such that K' = K2-kKz and for any Kq, Ki such that K = K^-k K\ where Kq, Ki, K2 
and K3 are not equal to 3i we have 

2"° <Pi •••P„2, 2"^ > • • • (?„3 (132) 

or vice versa 

2"° >Pi •••Pn2, 2"i<gi---g„3 (133) 
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where 2"° , 2"^ are the numbers assigned to Kq and Ki respectively (no + ni = n) and 

K2 = Kp,*---*Kp^^ K:i = Kg,*---*Kg^^ (134) 

where Kp^, Kq. are prime knots which have been assigned with prime integers Pi, qj respectively; and 
the following inequality holds: 

2" = 2"»+"i >Pi-.-p„, •gi..-g„3 (135) 

Let us call this definition as the property of jumping over of the first kind, o 

We remark that the definition of jumping over of the first kind is a generalization of the above ordering 
of 4i *5i and 3i ★ 3i ★ 3i ★ 3i in the above table in the step n = 4 of 2^. Let us consider some examples 
of this definition. Consider the knots K' = K2 -k K3 = 4:^ -k 5i and -K' = 3i ★ 3i ★ 3i ★ 3i. For any Kq, 
K\ which are not equal to 3i such that K = Kq* K\ we have 2"° < 5 and 2"i > 3 (or vice versa) where 
3, 5 arc the munbers of 4i and 5i respectively. Thus we have that (3i ★ 3i) ★ (3i ★ 3i) -< 4i ★ 5i. 

As another example we have that 3i ★ (3i * 3i) * (3i ★Si) ^ 5i ★ 5i, 4i ★4i ^41, and 3i -k (4i ★Si). 

A Remark on Notation. At the nth step let a composite knot of the form K\ ★ K2 ★ • • • ★ Kq 
where each Ki is a prime knot such that Ki is assigned with a prime number pi in the previous n — 1 
steps. Then in general Kx-k K2-k ■ ■ --k Kq is not assigned with the number pi - ■ -pq. However with a little 
confusion and for notation convenience we shall sometimes use the notation pi ■ ■ ■ pn to denote the knot 
Ki ★ K2 k ■ ■ ■ k Kq and we say that this knot is related to the number pi ■ ■ ■ Pn (as similar to the knot 3i 
which is related to the number 2 but is assigned with the number 1) and we keep in mind that the knot 
K\k K2k ■ ■ ■ k Kq may not be assigned with the number p\ - ■ -Pn- With this notation then we may say 
that the composite number 3 • 5 jumps over the number 2* which means that the composite knot 4i ★ 5i 
jumps over the knot 3i ★ 3i ★ 3i ★ 3i. o 

Definition (Jumping over of the general kind). At the nth step let a composite knot K' be 
related with a number pi ■ P2 ■ ■ ■ Pm where the number pi ■ P2 ■ ■ ■ Pm is in the nth step. Then we say that 
the knot K' (or the number pi-p2- ■■Pm) is of jumping over of the general kind (with respect to the knot 
K in the definition of the jumping over of the first kind and we also write K -< K') if K satisfies one of 
the following conditions: 

1) K' (or the number related to K') is of jumping over of the first kind; or 

2) There exists a Pi (for simplicity let it be p\) and a prime number q such that p\ and q are in the 

same step k for some k and q is the largest prime number in this step such that the numbers pi ■p2 ■ ■ ■ Pm 
and q ■ p2 ■ ■ ■ Pm are also in the same step and that the knot Kq related with q ■ p2 ■ ■ ■ Pm is of jumping 
over of the first kind. ❖ 

Remark. The condition 2) is a natural generalization of 1) that if K' and the knot Kq are as in 2) 
then they are both in the preordering sequences of an induction nth step or both not. Then since Kq 
is of jumping over into an (n + l)th induction step and thus is not in the preordering sequences of the 
induction nth step we have that K' is also of jumping over into this (n + l)th induction step (even if K' 
is not of jumping over of the first kind). This means that K' is of jumping over of the general kind, o 

Example of jumping over of the general kind. At an induction step let K' be represented by 
11 • 5 • 5 (where we let pi = 11) and let K^ be represented by 13 • 5 • 5 (where we let q = 13). Then Kq is 
of jumping over of the first kind. Thus we have that K' is of jumping over (of the general kind), o 

We shall show that if K = -< K' then we can set K = 3i" < K' . Thus we have, in the above 
first example, (3i ★ 3i) ★ (3i ★ 3i) < 4i ★ 5i while 2"* > 3 • 5. From this property we shall have rooms for 
the introduction of the x operation such that composite numbers are assigned to composite knots and 
prime numbers are assigned to prime knots. We have the following theorem. 

Theorem 12 If K — 3i" ^ K' then it is consistent with the preordering property that K = 3i" < K' 
for setting up the table. 

For proving this theorem let us first prove the following lemma. 

Lemma 3 The preordering sequences for the construction of the nth step do not have knots of jumping 
over of the general kind. 
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Proof of the lemma. It is clear that the preordering sequence obtained by the 3i taking a ★ operation 
with the previous (n — l)th step has no knots with the jumping over of the first kind property since 3i 
is corresponded with the number 2 and the previous (n — l)th step has no knots with the jumping over 
of the first kind property for this (n — l)th step. Then preordering sequence obtained by the 4i taking a 
7k- operation with the previous (n — 2)th step has no knots with the jump over of the first kind property 
since 4i is assigned with the number 3 and 3 < 2^ and the previous (n — 2)th step has no knots with 
the jumping over of the first kind property for this (n — 2)th step. Continuing in this way we have that 
all the knots in these preordering sequences do not satisfy the property of jumping over of the first kind. 
Then let us show that these preordering sequences have no knots with the property of jumping over of 
the general kind. Suppose this is not true. Then there exists a knot with the property of jumping over of 
the gc;neral kind and let this knot be represented by a number of the form pi ■ P2 • • • Pm as in the definition 
of jumping over of the general kind such that there exists a prime number q and that pi and q are in the 
same step k for some k and q is the largest prime number in this step such that the numbers Pi-P2 - ■ ■ Pm 
and q ■ P2 ■ ■ ■ Pm arc also in the same step and the knot Kg represented hy q ■ p2 ■ ■ ■ Pm is of jumping over 
of the first kind. Then since pi and q are in the same step k we have that the two knots represented by 
Pi • P2 • • • Pm and q-p2 - ■ ■ Pm are elements of two preordering sequences for the construction of the same 
nth step. Now since we have shown that the preordering sequences for the construction of the nth step 
do not have knots of jumping over of the first kind we have that this is a contradiction. This proves the 
lemma, o 

Proof of the theorem. By the above lemma if iiT = 3i" ^ K' then K' is not in the preordering 
sequences for the nth step and thus is pushed out from the nth step by the preordering sequences for the 
nth step and thus we have K = 3i" < K', as was to be proved. ❖ 

Remark. We remark that there may exist knots (or numbers related to the knots) which are not 
in the preordering sequences and are not of jumping over. An example of such special knot is the knot 
4i ★ 5i ★ 5i related with 3 • 5 • 5 (but is not assigned with this number), o 

Definition. When there exists a knot which is not in the preordering sequences of the nth step and 
is not of jumping over we put this knot back into the nth step to join the preordering sequences for 
the filling and covering of the nth step. Let us call the preordering sequences together with the knots 
which are not in the preordering sequences of the nth step and are not of jumping over as the generalized 
preordering sequences (for the filling and covering of the nth step) . o 

Remark. By using the generalized preordering sequences for the covering of the nth step we have 
that the knots (or the number related to the knots) in the nth step pushed out of the nth step by the 
generalized preordering sequences are just the knots of jumping over (of the general kind), o 

Then we also have the following theorem. 

Theorem 13 At each nth step (n > 3) in the covering of the nth step (n > 3) with the generalized 
preordering sequences there are rooms for introducing new knots with the x operations. 

Proof. We want to show that at each nth step (n > 3) there are rooms for introducing new knots with 

the X operations. At n = 4 we have shown that there is the room at the position 9 for introducing the 
knot 3i X 3i with the x operation. Let us suppose that this property holds at an induction step n — 1. 
Let us then consider the induction step n. For each n because of the relation between 1 and 2 for 3i 
as a part of the induction step n the number 2" is assigned to the knot 3i" which is a ★ product of n 
3i. Then we want to show that for this induction step n by using the -i property we have rooms for 
introducing the x operation. Let K' be a knot such that 3i"~^ -< K' and K' = K2 * is as in the 
definition of -< of jumping over of the first kind such that pi ■ ■ ■ Pn2 • <li ■ ■ ■ Qns < 2"^^ (e.g. for n — 1 = 4 
we have = 3i*3i*3i*3i and K' = K2*K3 = 4i*5i). Then let us consider K" = {3i*K2)*K3. 
Clearly we have 3i" -< K". Thus for each K' we have a K" such that 3i" ~< K". Clearly all these K" 
are different. 

Then from K' let us construct more K" , as follows. Let K' be a knot of jumping over of the first 
kind. Let pi ■ ■ -pn^ and gi • • • g„3 be as in the definition of jumping over of the first kind. Then as in the 
definition of jumping over of the first kind (w.l.o.g) we let 

2"" < Pi ■ • • Pn, and 2"! > ■ • • g„3 (136) 
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Then we have 

2"°+i < (2 • pi ■ • • p„J - 1 and 2"^ X71 • • • (137) 

Also it is trivial that we have 2"" < (2 • pi ■ • • pn^) — 1 and 2"^+^ > qi ■ ■ ■ qn^- This shows that 
3i" ^ if" := K2a*Ks where K2a denotes the knot with the number (2-pi • • -pna) — 1 as in the definition 
of jumping over of the first kind (We remark that this K" corresponds to the knot 4i * (4i *4i) in the 
above induction step where K2a = 4i ★ 4i is with the number 2 • 5 — 1 = 3 • 3). 

It is clear that all these more K" are different from the above K" constructed by the above method 
of taking a * operation with 3i. Thus there are more K" than K'. Thus at this nth step there are rooms 
for introducing new knots with the x operations. This proves the theorem, o 

Remark. In the proof of the above theorem we have a way to construct the knots K" by replacing 
a number a with the number 2a — I. There is another way of constructing the knots K" by replacing a 
number b with the number 26+1. For this way we need to check that the number related to K" is in 
the (n — l)th step for K" of jumping over into the nth step. 

As an example let us consider the knot if ' = 4i * 4i Tkr 4i of jumping over into the 6th step with the 
following data: 

2^ < 3 • 3 and 2^ > 3 (138) 

From this data we have: 

2^+1 < 2 • 3 • 3 - 1 = 17 and 2^ > 3 (139) 

This data gives a knot K" with the related number 3 • 17. 
On the other hand from the data H138|) we have: 

2^ < 3 • 3 and 2^+1 > 2 • 3 + 1 (140) 

Since (3 • 3)(2 • 3 + 1) = (2 • 5 - 1)(2 •3 + l) = 2- 5- 2- 3 + 2- 2- l<2-2-2''-l<26we have that the 
knot K" = 4i ★ 4i ★ 52 related with the number 3 • 3 • 7 is of jumping over into the 7th step (We shall 
show that 52 is assigned with the number 7). o 

Remark. The above theorem shows that at each nth step there are rooms for introducing new knots 
with the X operations and thus we may establish a one-to-one correspondence of knots and numbers 
such that prime knots are bijectively assigned with prime numbers. Further to this theorem we have the 
following main theorem: 

Theorem 14 A classification table of knots can be formed (as partly described by the above table up to 
2" with n — 5) by induction on the number 2" such that knots are one-to-one assigned with an integer 
and prime knots are bijectively assigned with prime numbers such that the prime number 2 corresponds 
to the trefoil knot. This assignment is onto the set of positive integers except 2 where the trefoil knot is 
assigned with 1 and is related to 2 and at each nth induction step of the number 2" there are rooms for 
introducing new knots with the x operations only. 

Further this assignment of knots to numbers for the nth induction step of the number 2" effectively 
includes the determination of the distribution of prime numbers in the nth induction step and is by 
induction determined by this assignment for the previous n — 1 induction steps such that the assignment 
for the previous n — 1 induction steps is inherited in this assignment for the nth induction step as the 
preordering sequences in the determination of this assignment for the nth induction step. 

Remark. Let us also call this assignment of knots to numbers as the structure of numbers obtained 
by assigning numbers to knots. This structure of numbers is the original number system together with 
the one-to-one assignment of numbers to knots. 

Proof. By the above lemmas and theorems we have that the generalized preordering sequences have 
the function of pushing out those composite knots of jumping over from the nth step. It follows that 
for step n > 3 there must exist chains of transitions whose initial states are composite knots in repeat 
(to be replaced by the new composite knots with x operations only); or the knots of jumping over into 
this nth step from the previous (n — l)th step; or the knots in the preordering sequences with the x 
operations; such that the composite knots of jumping over are pushed out from the nth step by these 
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chains. These chains are obtained by ordering the subsequences of preordering sequences such that the 
preordering property holds in the nth step. Further the intermediate states of the chains must be positions 
of composite numbers. This is because that if a chain is transited to an intermediate state which is a 
position of prime number then there are no composite knots related by this prime number and thus this 
chain can not be transited to the next state and is stayed at the intermediate state forever and thus 
the chain can not push out the composite knot of jumping over. Then when a composite knot is at 
the position of an intermediate state (which is a position of composite number as has just been proved) 
then this knot is definitely assigned with this composite number. Then when a composite knot which 
is in repeat is at the position of an intermediate state then this knot is also definitely assigned with 
this composite number. It follows that when the chains are completed we have that the ordering of the 
subsequences of preordering sequences is determined. 

Then the remaining knots (which are not at the transition states of the chains) which are not in repeat 
are definitely assigned with the number of the positions of these knots in the nth step. For these knots 
the numbers of positions assignc;d to them are just the number related to them respectively. 

Then the remaining knots (which are not at the transition states of the chains) which are in repeat 
must be replaced by new prime knots because of the repeat and that no other knots related with numbers 
in this nth step in the generalized preordering sequences can be used to replace the remaining knots. This 
means that the numbers of the positions of these remaining knots in repeat are prime numbers in this nth 
step. This is because that if the numbers of the positions assigned to the new prime knot is a composite 
number then the composite knot related with this composite number is either in a transition state or is 
not in transition. If the composite knot is not in transition then the composite number related to this 
composite knot is just the number assigning to this composite knot and since this number is also assigned 
to the new prime knot that this is a contradiction. Then if this composite knot is in transition state 
then this means that the remaining knot is also in transition state and this is a contradiction since by 
definition the remaining knot is not at the transition states of the chains. 

Thus prime numbers in the nth step are assigned and are only assigned to prime knots which replace 
the remaining knots in repeat in the nth step. Thus from the preordering sequences we have determined 
the positions (i.e. the distribution) of prime numbers in the nth step. Now since the preordering sequences 
are constructed by the previous steps we have shown that the basic structure (in the sense of above proof) 
of this assignment of knots with numbers for the nth step (including the determination of the distribution 
of prime numbers in the nth step) is determined by this assignment of knots with numbers for the previous 
n — 1 steps. In other words we have that the basic structure of the nth induction step is determined by 
the structure of the previous n — 1 steps. 

To complete the proof of this theorem let us show that at each nth induction step (n > 3) there 
are rooms for introducing new composite knots with the x operations only and we can determine the 
ordering of these composite knots with the x operations only in each nth induction step. 

In the above proof we have shown that the basic structure of the nth induction step is determined by 
the structure of the previous steps such that the positions of the composite knots with the x operations 
only in the nth induction step are correctedly determined by the structures of the previous steps. These 
positions are fitted for the corrected composite knots with the x operations only constructed (by the 
X operations) by knots in the previous steps. Thus for this nth induction step the introducing and 
the ordering of composite knots with the x operations only is also determined by the structures of the 
previous n — 1 steps. 

Further since the structures of the previous steps are inherited in the structure of the nth induction 
step as the preordering sequences in the determination of the structure of the nth induction step we 
have that all the properties of the structures of the previous steps are inherited in the structure of 
the nth induction step in the determination of the structure of the nth induction step. Thus the new 
composite knots with the x operations only in the nth induction step inherit the ordering properties 
(such as the preordering property) of composite knots with the x operations only in the previous steps. 
(These ordering properties of the composite knots with the x operations only can be used to find out 
the corrected composite knots with the x operations only to be assigned at the corrected positions in the 
nth step). 

With this fact let us then show that at each nth induction step (n > 3) there are rooms for introducing 
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new composite knots with the x operations only. As in the proof of the theorem 1131 we first construct 
more K" by the method following (|136|l . Let us start at the step n — 4. For this step we have the knot 
K' = 5i jumps over into the step n — 5. For this K' we have the following data as in H136(l : 

2^ < 5 and 2^ > 3 (141) 

From (|141|l we construct a K" for the step n = 5 by the following data: 

2^+1 < 2 • 5 - 1 = 3 • 3 and 2^ > 3 (142) 

This data gives one more K" = 4i ★ 4i ★ 4i. Then from (|141(l we construct one more K" for the step 
n = 5 by the following data: 

2^ > 5 and 2^+^ < 2 • 3 - 1 = 5 (143) 

This data gives one more K" = 5i ★ 5i. Thus in this step n = 5 there are two rooms for the two 
knots X' = 4i ★ 5i and 3i ★ (3i x 3i) coming from the preordering sequences and there exists exactly 
one room for introducing a new composite knot with the x operations only (Recall that we also have a 
K" = 3i *4i ★ 5i). From the ordering of knots in the previous steps we determine that 3i x 4i is the 
composite knot with the x operations only for this step. 

Thus at the 4th and 5th steps we can and only can introduce exactly one composite knot with the 
x operations only and they are the knots 3i x 3i and 3i x 4i respectively. This shows that at the 4th 
and the 5th steps we can determine the number of prime knots with the minimal number of crossings 
= 3 and = 4 respectively (These two prime knots are denoted by 3i and 4i respectively and we do not 
distinguish knots with their mirror images for this determination of the ordering of knots with the x 
operations only. This also shows that there are rooms for introducing new composite knots with the x 
operations only in the 4th and 5th steps). 

Then since this property is inherited in the 6th step we can thus determine that the 6th step is a step 
for introducing new composite knots with the x operations only of the form 3i x 5(.) where 5(.) denotes 
a prime knot with the minimal number of crossings = 5 (and thus there are rooms for introducing new 
composite knots with the x operations only in this 6th step). Also since the properties in the 4th and 
5th steps are inherited in the 6th step we can determine the number of prime knots with the minimal 
number of crossings = 5 by the knots of the form 3i x 5(.) as this is a property of knots with the x 
operations only in the 4th and 5th steps (In the classification table in the next section we show that 
there are exactly two composite knots of the form 3i x 5i and 3i x 52 in the 6th step whose ordering 
are determined by the preordering property of knots and the structure of the 6th step. This thus shows 
that there are exactly two prime knots with the minimal number of crossings = 5 and they are denoted 
by 5i and 52 respectively). 

Then since the properties of the 4th, 5th and 6th steps are inherited in the 7th step we can determine 
that the 7th step is a step for introducing new composite knots with the x operations only of the form 
3i X 6(.) where 6(.) denotes a prime knot with the minimal number of crossings = 6 (and thus there are 
rooms for introducing new composite knots with the x operations only in this 7th step). Also since the 
properties in the 4th, 5th and 6th steps are inherited in the 7th step we can determine the number of 
prime knots with the minimal number of crossings = 6 by the knots of the form 3i x 6(.) as this is a 
property of knots with the x operations only in the 4th, 5th and 6th steps (In the classification table 
in the next section we show that there are exactly three composite knots of the form 3i x 6i, 3i x 62 
and 3i x 63 in the 7th step whose ordering are determined by the preordering property of knots and the 
structure of the 7th step. This thus shows that there are exactly three prime knots with the minimal 
number of crossings = 6 and they are denoted by 61, 62 and 63 respectively). 

Continuing in this way we thus show that at each nth induction step {n > 3) we can determine the 
number of prime knots with the minimal number of crossings = n—1 and there are rooms for introducing 
new composite knots with the x operations only. This proves the theorem, o 

Example. Let us consider the above table up to 2^ (with n up to 5) as an example. 

For the induction step at n — 2 (or at 2^) we have one preordering sequence obtained by letting 3i 
to take a * operation with the step n ~ 1 (For the step n—1 the number 2^ is related to the trefoil 
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knot 3i): 3i ★ 3i. Then we fill the step n = 2 with this preordering sequence and we have the following 
ordering of knots for this step n = 2: 

3i*3i,3i*3i (144) 

where the first 3i*3i placed at the position 3 is the preordering sequence while the second 3i*3i placed 
at the position 2^ is required by the induction procedure. For this step there is no numbers of jumping 
over. Then we have that the first 3i * 3i is a repeat of the second 3i ★ 3i. Thus this repeat one must be 
replaced by a new prime knot. Let us choose the prime knot 4i to be this new prime knot since 4i is the 
smallest of prime knots other than the trefoil knot. Then this new prime knot must be at the position 
of a prime number, as we have proved in the above theorem. Thus we have determined that 3 is a prime 
number in this step n = 2 by using the structure of numbers of step n = 1 which is only with the prime 
number 2. 

Then for the induction step at n = 3 (or at 2^) we have two preordering sequence obtained by letting 
4i to take a ★ operation with the step n = 1 and by letting 3i to take a * operation with the step n — 2: 

4i*3i;3i*4i,3i*(3i*3i) (145) 

where the first knot is the preordering sequence obtained by letting 4i to take a ★ operation with the 
step n = 1 and the second and third knots is the preordering sequence obtained by letting 3i to take a 
* operation with the step n = 2. 

For this step there is no numbers of jumping over and thus there are no chains of transition. Thus 
the ordering of the above three knots in this step follow the usual ordering of numbers. Thus the number 
assigned to the knot 4i ★ 3i = 3i ★ 4i must be assigned with a number less than that of 3i ★ 3i ★ 3i by 
the ordering of 3i * 4i and 3i ★ 3i ★ 3i in the second preordering sequence. By this ordering of the two 
preordering sequences we have that the step n = 3 is of the following form: 

4i * 3i; 3i ★ 4i, 3i ★ (3i ★ 3i); 3i * 3i ★ 3i (146) 

where the fourth knot 3i ★ 3i ★ 3i is put at the position of 2*^ and is assigned with the number 2^ as 
required by the induction procedure. Thus the third knot 3i*(3i*3i) is a repeated one and thus must be 
replaced by a prime knot and the position of this prime knot is determined to be a prime number. Thus 
we have determined that the number 7 is a prime number. Then since there are no chains of transition 
we have that the composite knot 3i ★4i must be assigned with the number related to this knot and this 
number is 2 • 3 = 6. Thus the composite knot 3i ★4i is at the position of 6 and that the first knot 4i ^31 
is a repeat of the second knot and thus must be replaced by a prime knot. Then since this prime knot is 
at the position of 5 we have that 5 is determined to be a prime number. Now the two prime knots at 5 
and 7 must be the prime knots 5i and 62 respectively since these two knots are the smallest prime knots 
other than 3i and 4i (We may just put in two prime knots and then later determine what these two 
knots will be. If we put in other prime knots then this will not change the distribution of prime numbers 
determined by the structure of numbers of the previous steps and it is only that the prime knots are 
assigned with incorrect prime numbers. Further as shown in the above proof by using knots of the form 
3i X 5(.) we can determine that there are exactly two prime knots with minimal number of crossings = 5 
and they are denoted by 5i and 62 respectively. From this we can then determine that these two prime 
knots are 5i and 82). Thus we have the following ordering for n = 3: 

5i < 3i*4i < 62 < 3i*3i*3i (147) 

where 5i is assigned with the prime number 5 and 82 is assigned with the prime number 7. This gives 
the induction step n = 3. For this step there is no knot with x operation since there is no knots of 
jumping over. 

Let us then consider the step n = 4 (or 2'^). For this step we have the following three preordering 
sequences obtained from the steps n = 1,2, 3: 

5i ★ 3i; 

4i*4i,4i*3i*3i; (148) 
3i -k 5i, 3i * 3i * 4i, 3i -k 52, 3i * 3i * 3i * 3i; 
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where the third sequence is obtained by taking * operation of the knot 3i with step n = 3 while the third 
sequence is obtained by taking ★ operation of the knot 4i with the step n — 2 and the first sequence 
is obtained by taking * operation of the knot 5i with step n — 1. Then as required by the induction 
procedure the knot 3i * 3i * 3i * 3i is assigned at the position of 2"*. The total number of knots in (|148|l 
plus this knot is exactly 2^ which is the total number of this step n = 4. 

Remark. We have one more preordering sequence obtained by taking ★ operation of the knot 52 
with step n — 1. This preordering sequence gives the knot 5i ★3i. However since the knots in H148() and 
the knot 3i ★ 3i ★ 3i ★ 3i assigned at the position of 2'' are enough for covering this step n = 4 and that 
the knot 5i ★Si of this preordering sequence is a repeat of the knot 5i *3i in p48|l that this preordering 
sequence obtained by taking * operation of the knot 52 with step n = 1 can be omitted, o 

Then to find the chains of transition for this step let us order the three preordering sequences with the 
following ordering where we rewrite the preordering sequences in column form and the knot 3i7kr3i*3i*3i 
assigned at the position of 2^ is put to follow the three sequences: 



We notice that this column exactly fills the step n = 4. 

For this step we have that the number 3 • 5 (or the knot 4i -k 5i related with 3 • 5 ) is of jumping over. 
From H149|l we have the following chain of transition for pushing out 4i ★ 5i at 3 • 5 by a knot with the 
X operation replacing the repeated knot 5i ★ 3i at the position of 9 = 3 • 3: 

3i x3i(at3-3) ^ 4i7k-4i(at2-7) ^ 3i 7^52(at2 • 2 • 3) 3i*3i*4i(at3-5) 4i7^5i(pushed out) (150) 

where we choose the knot 3i x 3i as the knot with the x operation since 3i x 3i is the smallest one of 
such knots. For this chain the intermediate states are at positions of composite numbers 2-7, 2 • 2 • 3 and 
3-5. Thus the knots in this chain at the positions of these composite numbers are assigned with these 
composite numbers respectively. 

Then once this chain of pushing out 4i ★ 5i at 3 • 5 is set up we have that the other knots in repeat 
must by replaced by prime knots and that their positions must be prime numbers. These positions are 
at 11 and 13 and thus 11 and 13 are determined to be prime numbers (The knot 3i * 3i Tkr 3i ★ 3i at the 
end of this step must be assigned with 2^ = 16 by the induction procedure and thus the knot at 13 is a 
repeat). Then the new prime knots 6i and 62 are suitable knots corresponding to the prime numbers 11 
and 13 respectively since they are the smallest prime knots other than 3i. 4i, 5i and 52 (As the above 
induction step we may just put in two prime knots and then later determine what these two prime knots 
will be. As shown in the above proof by using knots of the form 3i x 6(.) we can determine that there 
are exactly three prime knots with minimal number of crossings — 6 and they are denoted by 61, 62 and 
63 respectively. From this we can then determine that these two prime knots are 61 and 62). 

This completes the step n = 4. Thus the structure of numbers of this step (including distribution of 
prime numbers in this step) is determined by the structure of numbers of the previous induction steps. 

Let us then consider the step n = 5. For this step we have the following four preordering sequences 
from the previous steps n = 1,2, 3, 4: 



5i ★ 3i; 
3i ★ 5i, 



3i ★ 3i ★ 4i, 
3i ★ 52, 

3x ~k 3x ~k 3x ~k 3i5 

4i ★4i, 

4i ★ 3i ★ 3i; 

3x ~k 3x ~k 3x 'k 3l 



(149) 



61 ★Si 



(151) 



and 



52*4i, 

52 ★(Si ★Si) 



(152) 
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and 



4i ★Si, 
4i*(3i*4i), 
4i *52, 

4i*(3i7^3i*3i) 



(153) 



and 



3i*(3i X 3i), 
3i*(3i*5i), 
3i * 61, 



3i*(3i*52), 
3i * 62, 



(154) 



3i*(4i*4i), 

3i * (3i *3i ^41), 

3i * (3i *3i ^31 *3i) 



The total number of knots (including repeat) in the above sequences plus the knot 3i*3i*3i*3i7kr3i 
to be assigned at the position of 2^ exactly cover this n — 5 step. 

Remark. As similar to the step n = 4 two preordering sequences 5i ★ 4i, 5i * 3i * 3i and 62 * 3i 
are omitted since these sequences are with knots which are repeats of the knots in the above preordering 
sequences, o 

Then to find the chains of transition for this step let us order these four preordering sequences with 
the following ordering where the knot 3i ★ 3i ★ 3i ★ 3i ★ 3i assigned at the position of 2^ is put to follow 
the four sequences: 



For this step we have three composite knots 3i * (4i * 5i), 5i ★ 5i and 4i ★ (4i * 4i) (related with 
2 •3-5,5 -5 and 3- 3 -3 respectively) of jumping over and there are two new knots 4i*5i and 3i*(3i x 3i) 
coming from the previous step. Thus there is a room for the introduction of new knot obtained only by 
the X operation. Then this new knot must be the composite knot 3i x 4i since besides the composite 
knot 3i X 3i it is the smallest of composite knots of this kind. 

From (|155|l there is a chain of transition given by 18 ^ 21 ^ 22 ^ 26 ^ 28 ^ 27 and the composite 
knot 4i * (4i * 4i) related with 27 = 3 • 3 • 3 is pushed out into the next step by the composite knot 
52 * 4i at the starting position 18. Then this repeated knot must be replaced by a new composite knot 
obtained by the x operation only and this new composite knot must be the knot 3i x 4i . 

Then the composite knots at the intermediate states are assigned with the numbers of these states 
respectively. 

In addition to the above chain there are two more chains: 24 30 and 20 25. The chain 24 30 
starts from 3i*(3i x 3i) at 24 and the composite knot 3i*(4i*5i) at 30 is pushed out by the composite 



61 ★ 3i; 
52 *4i, 

52 * 3l :*r 3i; 

4i *5i, 
4i*(3i*4i), 
4i + 52, 

4i ★ (3i ★Si 7^3i); 

3i*(3i X 3i), 

3i*(3i*5i), 

3i ★Gi, 

3i*(3i*52), 

3i +62, 

3i*(4i*4i), 

3i 7^ (3i ★Si 7^41), 

3i*(3i*3i*3i*3i); 

(3i ★Si) ★Si ★Si + 31 



(155) 
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knot 3i * (3i ★Si ★4i). Then the chain 20 25 starts from 4i*5i at 20 and the composite knot 5i*5i 
at 25 is pushed out by the composite knot 3i * (3i * 5i). 

Then the knots 3i ★ (3i TkrSi ★4i) and 3i -k (3i ★Si) at the intemediate states of these two chains are 
assigned with the numbers 30 = 2 • 3 • 5 and 25 = 5 • 5 respectively. 

Now the remaining repeated composite knots at the positions 17, 19,23,29,31 must be replaced by 
new prime knots and thus 17, 19, 23, 29, 31 are determined to be prime numbers and they are determined 
by the prime numbers in the previous induction steps. Then we may follow the usual table of knots to 
determine that the new prime knots for the prime numbers 17,19,23,29,31 are 63, 7i, 72, 73 and 74 
respectively (As the above induction steps we may just put in five prime knots and then later determine 
what these five prime knots will be. As shown in the above proof by using knots of the form 3i x 7(.-) we 
can determine the number of prime knots with minimal number of crossings — 7. From this we can then 
determine these five prime knots). 

In summary we have the following form of the step n — 5: 



63 






3i 


X 4i 




7i 






4i 


* 5i 




4i 


*(3i 


*4i) 


4i 






72 






3i 


*(3i 


X 3i) 


3i 


*(3i 


*5i) 


3i 


★ 61 




3i 


*(3i 


*52) 


3i 


★ 62 




73 






3i 


*(3i 


★ 3i * 


74 







(156) 



(3i ★Si) + 31 + 31 + 31 

This completes the induction step at n = 5. We have that the structure of numbers of this step 
(including distribution of prime numbers in this step) is determined by the structure of numbers of the 
previous induction steps, o 

15 A Classification Table of Knots II 

Following the above classification table up to 2^ let us in this section give the table up to 2^. Again we 
shall see from the table that the preordering property is clear. At the 7th step there is a special composite 
knot 4i ★ 5i ★ 5i which is not of jumping over and is not in the preordering sequences (On the other hand 
the knot 5i * 5i * 5i is of jumping over). 

We remark again that it is interesting that (by the ordering of composite knots with the x operation 
only) at the 6th step we require exactly two prime knots with minimal number of crossings = 5 to form 
the two composite knots obtained by the x operation only. From this we can determine the number of 
prime knots with minimal number of crossings — 5 without using the actual contruction of these prime 
knots. We then denote these two prime knots by 5i and 82 respectively and the two composite knots 
obtained by the x operation only by 3i x 5i and 3i x 52 respectively. Similarly at the 7th step we can 
determine that there are exactly three prime knots with minimal number of crossings = 6 and we denote 
these three prime knots by 61 and 62 and 63 respectively. These three prime knots give the composite 
knots 3i X 61, 3i x 62 and 3i x 63 respectively. We can then expect that at the next 8th step we may 
determine that the number of prime knots with minimal number of crossings = 7 is 7 and then at the 
next 9th step the number of prime knots with minimal number of crossings = 8 is 21, and so on; as we 
know from the well known table of prime knots 38 . Here the point is that we can determine the number 
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of prime knots with the same minimal number of crossings without using the actual construction of these 
prime knots (and by using only the classification table of knots). 



Type 01 Knot 


Assigned number |m| 


Repeated Knots bemg replaced 


3i ★63 


33 




3i -k {3i X 4i) 


34 




3i*7i 


35 




3i X 5i 


3d 


3i * (4i *5i) 


'5 


37 


• ( A 1 • A \ 

3i * (4i ★ 3i ★ 4i) 


3i X 52 


38 


3i ★ (4i ^52) 


3i ^72 
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3l -k (3i 3i X 3i j 


4U 




76 


41 


3i ★ (3i ★ 3i ★ 3i ★ 5i) 


5i ★ Ol 


42 




77 


43 


5i ★ (3i ^41) 


5i ★ 52 


A A 

44 




4i X 4i 


A C 

45 


5i ★ (3i ★ 3i ★ 3i), 52 * (3i ^41) 


02 * 02 


4d 




81 


47 


52*(3i*3i*3ij.4iTir(3i X 3i) 


4i * (3i * 5i) 


48 




4i *6i 


49 




4i * (3i *52) 


50 




4i ★ 62 


51 




4i ★ (4i ★4i) 


52 




82 


53 


A I ( A .0 1 \ 

4i -k (4i ★ 3i ★ 3i) 


Ol ★ (Ol ★ Ol ★ Ol j 


54 




3i ★ (3i ★Gi) 


55 




3i*(3i ^31 ★52) 


56 




3i* (31*62) 


57 




3i*73 


58 




83 


59 


3i*(3i*3i*3i*4i) 


3i*74 


60 




84 


61 


3i*(3i*3i*3i*3i*3i) 


4i ★ (4i *3i *3i) 


62 




4i*(3i*3i*3i*3i) 


63 




3i * (3i * 3i * 3i * 3i * 3i) 


(i4 
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Tvnp nf Knot 


A QQi o'n pH m 1 in riPF tti 

iT-OOlgilCU. ilLllilUCi 


R pT-\Ao ■J-pH TCnr'it'^ nPiTio' vPTilfjr'Pri 




65 




y\ '-'1 / 






05 


fi7 


01 ^ * 1) 


4-1 V Ki 




3i -A- r^-i -A- 4i -A- fii ^ 




69 


-A- 4i -A- 4-1 

*JT^ A \ 1 1 1 1/ 




70 




06 


71 

1 J. 


01 * ^^ol * » 27 


4i fio 
^1 * "3 


72 




07 




At -i- ("Kt V 4.1 "1 
^1 * yox A ^1 J 




74 




tj± A I «J1 A til I 


7^ 
1 




dl A Ul 


7fi 




tf 1 A I 01 A tl2 } 


77 




01 A *J2 


78 




So 


7Q 




«-F2 A ui 


80 




?\n -A- I ^1 -A- Kr* 1 

ti2 A I 01 A t»2 y 


81 

J- 




52 ^ 62 


89 




So 

09 


8"? 


So -A- 1 4i -A- 4^ 1 


4i Tfc- 7i 

^1 A / 1 


84 




^1 * 1,^1 * "Jl j 


8'i 






ou 




4i * (4i * Sol 


87 




4i*72 


88 




810 


89 


4i*(3i*3i X 3i) 


4l ★(3l TirSl TirSl) 


90 




4i*(3i*6i) 


91 




4i * (3i *3i *52) 


92 




4i* (31*62) 


93 




4i*73 


94 




4i*(4i*3i*3i*3i) 


95 




4i*74 


96 
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A QQi crn pH ni 1 tti iipt" td 

iiOoigiUjU. ii LliiJ-UCi ' ' 




oil 


97 


4i + fSi + 3i + 3i + 3i + 3i 




98 


Si + fSi + Ro"! 


01 ''J. 


99 




01 * i^oi * < 1 j 








101 


3i -k rSi X 5i 

»J1 A V*-'l 1/ 


01 / 5 


102 




813 


1 0"^ 


Si rsi X ^o^i 

01 A ^01 y\ Kl'J, } 


01 * i^oi * < 2 j 


104 












1 OR 




014 




Si + (''ii + 111 

01 A l*Jl AtJll 


Si 7rr 


1 OR 




Si c 


1 no 


01 A l»Jl A »J2/ 


3i X 61 


1 1 

± -L\J 


Si fill 'lo'l 

01 A \^*J1 A 02 } 


Si X /'Si -Jr ^o"! 


111 


Si -i- I'di X 4.1 

01 * (^y:l A y:l y 


.Si X fio 

*j 1 ^ U2 


112 


Si rpio pio^ 






Si fllo 'lo'l 

01 A ^*J2 A 02 ^ 


3i ★ 81 


114 




Si X fio 

01 A U3 


J. J. <J 


Si + ('4i 4- Si + ^1 Si + l'4i +41 + 4i 

*Jl A 1^1 A 01 A »J1J^ "I V^l ^^1 ■"'^1/ 


Si Si 

1 A 02 






Si -ji-l'Si it-Si -*-Si -Ji-'ii'l 


1 1 7 




Si ("Si Si it- fil 


1 1 8 

-L J- 




3i -k ("Si + 3i -*r 3i -*r 


119 




3i ★ (3i ★Si ★62) 


120 




3i*(3i* 31*73) 


121 




31*83 


122 




3i * (3i * 74) 


123 




3i * 84 


124 




3i X (3i X 4i) 


125 


3i*(4i*4iT^3i*3i) 


3i*(4i*3i*3i*3i*3i) 


126 




817 


127 


3i ★ (3i ★ 3i ★ 3i ★ 3i ★ 3i ★ 3i) 


3i ★ (3i * 3i ★ 3i * 3i ★ 3i ★ 3i) 


128 





16 Proof of the Riemann Hypothesis 

From the above table we have that quantum prime knots can be identified with prime numbers such that 
they have the same distribution in the classification table of knots by integers. On the other hand we 
have that quantum knots are periodic orbits of the quantum gauge dynamical system in the beginning 
sections. From these two facts we can now follow the approach of quantum chaos to derive a trace formula 
to prove the Riemann Hvpothesis|12 | [T5 | . The reason is that, as pointing out by Berry and Keating in the 
quantum chaos approach of proving the Riemann Hvpothesis|12 | [T5 | . if one can find an energy operator 
of a quantum dynamical system and the periodic orbits of the dynamical system ( classical or quantum) 
relating to the energy operator for giving a trace formula then one may use the Hilbert-Polya method to 
prove the Riemann Hypothesis. Here with the quantum knots as periodic orbits of the quantum gauge 
dynamical system and with the quantum prime knots identified with the prime numbers we can now 
follow the approach of quantum chaos to derive a trace formula to prove the Riemann Hypothesis, as 
follows. 

Let us first derive a general expression of the Green's function of the quantum gauge dynamical 
system, by the usual methods for Green's function, as follows. Let H{z) := T{z) be the Virasoro energy 



42 



operator in the Sugawara construction form of the quantum system as described in the beginning sections 
(T(z) depends on a central charge c > ). This energy operator is for the construction of the quantum 
knots and thus is the energy operator of these quantum knots. Let Ej,j — 1,2,3, ... be a sequence of 
eigenvalues oi H{z): 

H{z)cl),iz) ^ E,cj,,{z), j = 1,2,3,.... (157) 

Then following the usual approach for contracting Green's functions (^3) we can write the Green's 
function G for this sequence of eigenvalues in the following form: 



Giz,z',E)^Y.^^'^W^ (158) 

j 

where E is the energy parameter. We remark that for each sequence of eigenvalues there is a corresponding 
Green's function. The most complete Green's function of the quantum system is the usual one which 
includes all the eigenvalues of the energy operator of the quantum system. We can further generalize 
the Green's function to the form that i? is a negative parameter with Ej replaced by —Ej and then 
E is extended as a complex parameter. It is a general property of Green's functions that the Green's 
function H158fl gives distributions of wave amplitudes of the corresponding quantum system with the 
energy operator H{z). 

Then by letting z = z' and taking integration on z we have the following form of trace formula ll()| : 

I dzG{z,z,E) = J2^^ (159) 



where we set a normalized condition on the eigenhmctions (f>j such that ^ dz(j)j{z)(j)j{z) — 1 (For a 
notation simplicity we omit a trace operation notation Tr on (j)j{z)(j)j(z)). 

Following the treatment in quantum chaos when E is the real energy parameter let us write 1101 : 

P{—^—)-iTrsign{e)S{E^Ej) (160) 



E + ie- Ej E- Ej 

into a principal-part integral P and a (5-function. Then we can write the trace formula (|159ll in the 
following form: 

lim -Im [ dzG{z, z,E + ie)^y^ 5{E - Ej) (161) 

£—►0 TT J 

3 

Then since z = z' vte have that the integration in the left side of the trace formula H161|) can be 
expressed as a sum of wave amplitudes of periodic (i.e. closed) orbits JJ^^lCSl- Further by the 
property of Green's function we have that the distribution of amplitudes of periodic orbits corresponded 
to a sequence of eigenvalues Ej^j = 1,2,3,... such that each eigenvalue Ej appearing with the same 
weight can be expressed in the form of the trace formula H161|l . 

Now we have that topologically the periodic orbits are the quantum knots. Thus we have that the 
left side of the trace formula (|161|l can be expressed as a sum of the wave amplitutcs of quantum knots. 

From this trace formula H161|) we shall then get a more explicit form of the trace formula expressed as 
a sum of the wave amplitutes of quantum knots (This is analogous to the trace formula of quantum chaos 
where the periodic orbits are classical while here the periodic orbits are of quantum nature jl0|-|17|). Let 
us then use another approach to find out the wave amplitute of quantum knots (i.e. periodic orbits), as 
follows. 

From the above sections we have the classification table of knots which gives a correspondence of 
quantum knots and numbers such that the distribution of the quantum prime knots in this correspon- 
dence is the same distribution as that of the prime numbers and prime quantum knots are one-to-one 
corresponded to prime numbers (We may let the trefoil knot be related to the prime number 2 ). Then 
we may use this correspondence of quantum knots and numbers (which are topological invariant of knots) 
to find out the wave amplitute of quantum knots, as follows. 
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Let us first consider the case (wliicli will correspond to the Riemann zeta function) that each quantum 
knot is counted with the same weight (This corresponds to that each number is counted with the same 
weight and thus prime numbers are with the usual counting function of prime numbers tt{x) corresponding 
to the Riemann zeta function). For this case let us derive the wave amplitute of quantum knots. 

Starting from the counting function of prime numbers 7r{x) it is well known that we can derive its 
relation with the Riemann zeta function C and we have the following well known von Mangoldt-Selberg 
formula !31-|S|: 

N{T) N{T) > +Nfi{T) 

[iarg(ir - i) + iargr(| + ^iT) - ^^TlogTr] + lim,^oImlogC(i + zT + e) 

(162) 

= £ log ^ - £ + I + 0(i) + lim,^o Im log C(i + zT + e) 

= [ilmlog(ir - i) + ilmlogrd + iiT) - 2^Tlog7r] + lim,^oInilogC(^ + iT + e) 

where N{T) denotes the number of zeros in the critical strip with height T of the Riemann's zeta fimction 
C and a branch of log is chosen to be continuous such that Nfi{0) = Then by using the Euler 

product form of the zeta function the fluctuation term TV// can be written in the following form |12| : 



fi 



(T) := limImlogC(^ +iT + e) = -^Im V log(l - p-'^+i^)) (igs) 



where the is a sum over all prime numbers p. Differentiating with respect to T we have 

N'{T) = [ilm^ + hm^^l±pl - 1- log.] - llmV /^"^^ (164) 

^ ^ ^TT iT-i TT 2r(| + izr) 2tT ^ ^ TT ^ pi+^T _ ^ ^ ' 

where the is a sum over all prime numbers p which is as the fluctuation part of N'{T). 

Since N{T) is a counting function we have that N'{T) is the sum of a sequence of delta functions 
concentrating at a sequence of nonnegative numbers. Thus N'(T) is of the form of the right hand side of 
the trace formula H161(l . 

On the other hand we have that in (|164|l each term in the sum J^p represents the amplitute of the 
corresponding prime number p. The other part of the right hand side of (|164|l is as the average of N'{T) 
|12j . Then by the identity of prime knots with prime numbers that prime knots and prime numbers have 
the same distribution in the classification table of knots which gives a one-to-one correspondence of prime 
knots and prime numbers and that the prime numbers are topological invariant of the corresponding prime 
knots (and thus the prime numbers are the topological properties of the corresponding prime knots) we 
have that if there is a distribution of amplitudes to prime numbers then the corresponding prime knots 
also have this distribution of amplitudes (and vise versa). Thus if there is a distribution of amplitudes to 
prime numbers then there must exist a Virasoro energy operator with a central charge c > such that 
the corresponding quantum prime knots also have this distribution of amplitudes. 

In particular for the distribution of amplitudes of prime numbers in Ij 164(1 there must exist a Virasoro 
energy operator with a central charge c > such that each term in the sum is as the amplitute for 
the quantum prime knot corresponding to the prime number p and the other part is the amplitute for 
the quantum unknot. 

Now since N'{T) is of the form of density of energy states at the right hand side of the trace formula 
((161|l we have that the distribution of amplitudes of the prime numbers p in p64(l is identified as the 
distribution of amplitudes of the corresponding quantum prime knots in the trace formula p61|l for a 
sequence of eigenvalues Ej,j = 1, 2, 3, ... of H{z). 

It follows that there exists a Virasoro energy operator H{z) with a central charge c > and a sequence 
of eigenvalues Ej,j — 1, 2, 3, ... of H{z) such that the right hand side of 1(1 64(1 is given by the left hand 
side of the trace formula H161() (with E = T) and we have the following more explicit form of the trace 
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formula H161|l : 



N'{E) ^ lim.^o ^Im / dzG{z, z,E + ie) 

, . 1 (165) 
= aim-^ + ^Im '^JI^f.^l - ^ logTrl - ilm V -4^2ML_ = V . ^(£; - E,] 



where / dzG{z, z, E) is given by the trace formula (|159|l with eigenvalues Ej,j — 1, 2, 3, .... We may call 
this formula H165|l as the von Mangoldt-Selberg-Gutzwiller trace formula. 

Then when T = is a negative parameter by symmetry we get the same formula as (|165|l with 
Ej,j = 1,2,3, ... replaced by Ej,j = —1, —2, —3, ... where we define E^j —Ej for j = 1,2,3, .... 

Then when T = E is extended as a complex parameter such that ^+iT = ^ + iE is a complex variable 
in the critical strip we have that the N'ji{T) = N'^i{E) in (|164|l is still a distribution of amplitudes of 
prime numbers. Thus by the identity of prime numbers with quantum prime knots the N'(T) — N'{E) 
in H164|l is still a distribution of amplitudes of quantum prime knots (and the quantum unknot) . Further 
this N'{T) = N'{E) in 1)1641) is related to the trace formula 1)1591) of the Virasoro energy operator H{z) in 
the sense that when T — E is real this N'(T) = N'{E) is given by the von Mangoldt-Selberg-Gutzwiller 
trace formula (|165|l with the sequence of nonnegative numbers Ej,j — 1, 2, 3, ... as eigenvalues of H{z). 

Thus this N'{T) — N'{E) in 1)164)1 as a distribution of amplitudes of quantum prime knots (and 
the quantum unknot) related to the trace formula 1)159)) of the Virasoro energy operator H{z) is a 
distribution of amplitudes of quantum prime knots (and the quantum unknot) derived from the quantum 
gauge dynamical system with Virasoro energy operator H{z). Further it is derived by extending the real 
energy parameter E of the trace formula 1)159)) of the energy operator H(z) to a complex parameter. 
It follows that this N'{T) — N'{E) in () 164)1 is given by the generalized form of the trace formula ()159)) 
obtained by extending E io a. complex parameter for the sequence of eigenvalues E'j, j = 1, 2, 3, ... of H{z) 
in the von Mangoldt-Selberg-Gutzwiller trace formula 1)165)) . Thus we have 

N'{E) = -Im r + -Im 4: } — r ogTr Im > ^ = -Ini > 166) 



when T = E is extended as a complex parameter such that + iT = ^ + iE is a complex variable in 
the critical strip where the sum is on j = ±1,±2,±3, ... and E^j = —Ej and Ej^j = 1,2,3, ... are 
eigenvalues as in the von Mangoldt-Selberg-Gutzwiller trace formula ()165)l . Or equivalently we have 

' ' T^^ogT:]-} - = }- -+a (167) 



Ue-^ 2r(|-i-iz£;) 2 ^ ' z^pi+.E_^ i^-^i 

when T = E is extended as a complex parameter such that + iT = ^ + iE is a complex variable in the 
critical strip where a is a real constant (We shall show that a = 0) and the sum J^j is on j ~ ±1, ±2, ±3, ... 
and E^j = —Ej and Ej^j = 1,2,3,... are eigenvalues as in the von Mangoldt-Selberg-Gutzwiller trace 
formula 1)165)1 . 

Now since in ()167)) the only singularities of e-e ^'"'^ eigenvalues Ej,j — ±1, ±2, ±3, ... we have 
that the only singularities of iV'(T) = N'{E) in ifT^ (or (fT?^ ) are the eigenvalues Ej.j = ±1, ±2, ±3, ... 
when T = E is extended as a complex parameter such that ^ + iT = ^ + iE is a complex variable in the 
critical strip. 

On the other hand since N{E) — N{T) is in terms of ImlogC(^ + iT) from this result on the form of 
N'{T) = N'{E) we have that the nontrivial zeros pj of the Riemann's zeta function in the critical strip 
are of the form pj = ^ -\- iEj,j — ±1, ±2, ±3, ... where Ej,j = 1, 2, 3, ... are eigenvalues of the Virasoro 
energy operator H{z) and E^j = —Ej,j — 1,2,3, .... This means that the Riemann Hypothesis holds. 
Thus we have the following theorem: 

Theorem 15 (Riemann Hypothesis) 

The nontrivial zeros of the Riemann's zeta function all lie in the critical line Rez — ^. 
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Remark. We notice that the equation H167() can be written in the following form: 



where s := z — ^ + iE, ~ — V„ and the constant a is given by a = i V - — + where 

B = —^7 — 1 + ^ log47r with 7 as the Euler constant (Since a is real we have that a = and thus we have 
— + B — Q). This is just a well known formula derived from the Hadamard product formula for the 
zeta function C, 12-101 • Here the point is that we have shown that the nontrivial zeros pj of the Riemann's 
zeta function in the critical strip in this equation are of the form Pj = ^ + = ±1, ±2, ±3, ... where 

Ej,j = 1, 2, 3, ... are eigenvalues of the Virasoro energy operator H{z) and E^j — —Ej,j = 1, 2, 3, .... o 

Let us then consider the generalization of the Riemann Hypothesis. For this generalization we suppose 
that there is a L-function which gives formula similar to the (|164|l which gives amplitudes to prime 
numbers. Then by the same reason as above we have that the corresponding quantum prime knots must 
also have the same amplitudes. Thus there must exist a Virasoro energy operator H{z) with a central 
charge c > and a sequence of eigenvalues Ej,j = 1,2,3, ... of H{z) such that the quantum prime knots 
have the same amplitudes as the prime numbers. Then as similar to the proof of the Riemann Hypothesis 
we have that the corresponding Riemann Hypothesis for this L-function holds that the nontrivial zeros 
of this i-function all lie in the critical line Re z = i . 

As examples let us consider the Dirichlet L-functions. Let s) be a Dirichlet L-function where x 
denotes a Dirichlet character. Then L(x, s) can be written in the following Euler product form 

Lix,s) = l[il-xip)p-n-' (169) 

p 

where p denotes a prime number. By this Euler product form as similar to the derivation of (|164fl we 
have that the corresponding formula of N'(T) for s) can be written as a sum where each term of 
the fluctuation part Nji{T) corresponds to a prime number. Thus this formula of N'{T) for s) gives 
amplitudes to prime numbers. Thus by the above proof of Riemann Hypothesis for the Riemann zeta 
function we have that the corresponding Riemann Hypothesis for this L-function L(x, s) holds. This 
proves the following Generalized Riemann Hypothesis: 

Theorem 16 (Generalized Riemann Hypothesis) 

The nontrivial zeros of a Dirichlet L-function all lie in the critical line Rez — ^. 

As further examples let us consider Dedekind zeta functions C-R'('S) where K denotes a number field. 
We have that a Dedekind zeta function Ck{s) can be written in the following Euler product form @][S]: 

p split p inert p ramified 

where p denotes a prime number. By this Euler product form as similar to the derivation of (|164|l we 
have that the corresponding formula of N'{T) for Cxis) can be written as a sum where each term of 
the fluctuation part N'^^iT) corresponds to a prime number. Thus this formula of N'{T) for Ck{s) gives 
amplitudes to prime numbers. Thus by the above proof of Riemann Hypothesis for the Riemann zeta 
function we have that the corresponding Riemann Hypothesis for this L-function C/<'(s) holds. This proves 
the following Extended Riemann Hypothesis: 

Theorem 17 (Extended Riemann Hypothesis) 

The nontrivial zeros of a Dedekind zeta function all lie in the critical line Rez — ^ . 

In the following section we show that for the Riemann zeta function and the Dirichlet L-functions we 
have that the central charge c = ^ . 
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17 Determination of the Central Charge c for a L-function 



Let us first show that for the Riemann zeta function and the Dirichlet L- functions we have that c = ^. 
By using the Poisson summation formula Riemann showed that the Riemann zeta function is related 
to the Jacobi 6 function by the following Mellin transform formula [SO] [S] ■ 

We have that the Jacobi 0-function is an automorphic (or modular) form with weig ht c = i. We shall 
show that this weight is the same c for the central charge of the Virasoro algebra. 

For the Virasoro algebra (ij)j^-oo with central charge c = ^ we have the following formula for Lq 

m 

Lo = ^A:6_fc6fc + ^ (172) 

fc>0 

where bk,k > denote the creation operators of the Fermi field (We remark that this Lq is a sum with 
A: > 0). From this formula by following the derivation of a modular invariant partition function of Fermi 
field in conformal field theory we have (^21 P-347): 

rr(-l) V"-* = #n^^i(l - q") =: (173) 

where c = ^ is the central charge; F is the Fermion number: F = X]fc>o^'^'^'= ^ i>-kbk and 77 is the 
Dedekind eta function which is an automorphic form with weight ^ (We remark that this _F is a sum with 
A: > and is not with fc > as the Fermion number in the derivation of the modular invariant partition 
function |18| p. 347). Thus we have that the 7/-function with weight i is derived from the Virasoro algebra 
with central charge c — ^. 

Then we have the following formula relating the Dedekind 77-function and the Jacobi 0-function: 

0{r) = (174) 
77(t + 1) 

This shows that the weight c — ^ for the Jacobi ^^-function is the same c = ^ for the Dedekind rj function. 
Now we have that the weight c = ^ for the Dedekind 77 function is the same c for the central charge of the 
corresponding Virasoro algebra and that the Dedekind rj function is derived from the Virasoro algebra 
with the central charge c = ^ . Thus we have that the weight c — i for the Jacobi 9 function is the same 
c for the central charge of the Virasoro algebra. Thus from (|171|l we determine that the central charge c 
of the Virasoro algebra for the Riemann zeta function is equal to ^ . 

Similarly since the Dirichlet L-functions are related to the twisted Jacobi 6 functions twisted by the 
Dirichlet characters by using a Mellin transfom as similar to H171|l we can show that the central charge 
c of the Virasoro algebra for the Dirichlet L-functions is equal to ^ . 

Then for a conformal field consists of n independent Fermi fields we have that the corresponding n 
product of the 77-functions with weight i of each independent Fermi field is an automorphic (or modular) 
form which is with a positive integer (or half integer) c = ^ as the weight corresponding to the Virasoro 
algebra of the conformal field consists of n independent Fermi fields with the same c = ^ as the central 
charge. This shows that the positive weight c = ^ of the n product of the 77-functions which is an 
automorphic (or modular) form is the central charge of the corresponding Virasoro operator. 

Thus for a general L-function related to an automorphic form with positive integer (or half integer) 
c as the weight by a formula similar to (|171|l we can determine that the central charge of the Virasoro 
algebra for this i-function is equal to the weight c of the automorphic form related to this L-function. 

On the other hand by using Boson field from conformal field theory we have that the Virasoro algebra 
with central c — 1 also corresponds to the automorphic form with weight —1 Then for a conformal 
field consists of 77 independent Boson fields we have that the corresponding automorphic form with weight 
— c = —77 corresponds to the Virasoro algebra with the positive central charge c = 77. Then from the 
relation between automorphic forms and L-functions as similar to (|171|l we can determine that the central 
charge of the Virasoro operator for the L-functions corresponding to automorphic forms with negative 
weight — c = —77 is equal to c = 77. 
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18 Commutative Diagram of Virasoro Operators and Algebras, 
Automorphic Forms and L-functions 

By the proof of the Extended Riemann Hypothesis and the determination of central charge of Virasoro 
algebra for L-functions we have the following commutative diagram of Virasoro operators and algebras, 
automorphic (or modular) forms and L-functions: 

complex transform 

Virasoro energy operator ^ Virasoro algebra 

T T 

eigenvalues of Virasoro energy operator eigenvalues of Virasoro algebra 

(or nontrivial zeros of L-functions) 

i I 
L-functions ^ automorphic (or modular) forms 

Mellin transform 
(or Fourier transform) 

In this commutative diagram we use the term complex transform for the Virasoro operator forming 
from the Virasoro algebra. This complex transform is analogous to the Fourier transorm which gives the 
Poisson summation formula and Mellin transform. 

In this commutative diagram we have that the links between Virasoro operator and Virasoro algebra; 
between Virasoro algebra and automorphic (or modular) forms; and between automorphic forms and 
L-functions are well known. Here we complete this commutative diagram by establising the link between 
the Virasoro operator and the L-functions which is established by the proof of the Extended Riemann 
Hypothesis. 



19 Connection with Random Matrix Theory 

It is well known that the Random Matrix Theory is related to the study of L-functions [201- EDI- By 
using our approach for proving the Riemann Hypothesis we may find a connection with the Random 
Matrix Theory. This connection gives an explanation for the relation of the Random Matrix Theory 
with the L-functions. Indeed we have proved that the Virasoro energy operators are the operators for 
the non-trivial zeros of the Riemann zeta function (and the related L-functions). Then we know that 
the Virasoro energy operators and the corresponding Virasoro algebras form the basis of conformal field 
theory. On the other hand a Random Matrix Theory can be formulated as a conformal field theory with 
a corresponding Virasoro algebra 0H|0ni- Thus the Virasoro energy operators and the corresponding 
Virasoro algebra can be as a basis of a Random Matrix Theory. Now since the Virasoro energy operators 
are the operators for the non-trivial zeros of the Riemann zeta function (and the related L-functions) 
we have that the Random Matrix Theory can be connected to the L-functions via the Virasoro energy 
operators and the corresponding Virasoro algebras. This connection thus gives an explanation for the 
mystery of success of the Random Matrix Theory for describing the L-functions. 



20 Conclusion 

In this paper we establish a quantum gauge model of knots. In this quantum model we generalize the way 
of defining Wilson loops to construct generalized Wilson loops which will be as quantum knots. From 
quantum knots we give a classification table of knots where knots are one-to-one assigned with an integer 
such that prime knots are bijectively assigned with prime numbers and the prime number 2 corresponds 
to the trefoil knot. 

Then by considering the quantum knots as periodic orbits of the quantum model and by the identity 
of knots with integers (which is from the classification table of knots) we then derive a trace formula 
which may be called as the von Mangoldt-Selberg-Gutzwiller trace formula (which is different from the 
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Selberg trace formula) for the Riemann zeta function. By using this von Mangoldt-Selberg-Gutzwiller 
trace formula and an approach which is similar to the quantum chaos approach of Berry and Keating we 
give a proof of the Riemann hypothesis. In this approach for proving the Riemann Hypothesis we show 
that the Hilber-Polya Conjecture holds that there is a self-adjoint operator which is the Virasoro energy 
operator with central charge c = ^ such that the nontrivial zeros of the Riemann zeta function arc from 
the energy eigenvalues of this Virasoro energy operator. This proof of the Riemann Hypothesis can also 
be extended to prove the Extended Riemann Hypothesis. 

In this proof of the Riemann Hypothesis the basic mathematical tool is the conformal field theory 
which consists of the Virasoro energy operator with central charge c and the Virasoro algebra, the 
affine Kac-Moody algebra, the quantum Knizhnik-Zamolodchikov (KZ) equation in dual form and the 
generalized Wilson loops which arc as quantum knots and arc as solitons derived from the quantum KZ 
equation. This conformal field structure is related to the Random Matrix Theory for L-functions since 
the Random Matrix Theory can also be formulated as a conformal field theory. 
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